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Abstract
New Developments in the Nuclear Binary Cluster-Core
in the Heavy Nuclear Region
B. D. C. KIMENE KAYA
Department of Physics,
University of Stellenbosch,
Private Bag X1, Matieland 7602, South Africa.
Dissertation: PhD
November 2017
The atomic nucleus is a complex many-body interacting system, which exhibits
a underlying correlated set of nucleon states. The cluster model is one of
the most reliable models that predicts the strongly correlated subsystem of
nucleons close to the decay threshold of nuclei. The binary-cluster model
describes the structure and decay properties of super-heavy nuclei.
The phenomenological Cubic Woods-Saxon potential, developed by Buck, Mer-
chant and Perez, has successfully predicted a number of experimental observ-
ables associated with clustering phenomenon. The recently developed micro-
scopic double folded M3Y potential results in the inverted spectra for the
positive parity excited cluster states, but successfully predicts the decay half-
life for the α-Pb system. These shortcoming of the M3Y based microscopic
binary cluster model lead to the newly developed hybrid cluster-core potential,
obtained by fitting the phenomenological Saxon-Woods Cubed and the M3Y
double folding at the surface region where the two potentials coalesce.
The project presents an overview on nuclear cluster models. The double folding
potentials are constructed with the M3Y and the new complex effective Gaus-
sian form factor (CEG) effective nucleon-nucleon interactions. Furthermore
the recently developed self-consistent relativistic mean-field cluster-core de-
scription is presented with the relativistic Love-Franey amplitudes. The decay
half-lives for α-Pb give satisfactory results for M3Y and CEG with the addition
ii
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of a zero-range exchange potential. However, the CEG with a finite-range and
the relativistic mean field approach potentials for all cluster-core configurations
α-Pb, C-Pb and O-Pb except Be-Pb, give decay half-lives that overestimate
the experimental values. The generated positive parity level structures are
inverted for α-Pb when compared to other cluster configurations which are
compressed although positive. Finally we construct the hybrid cluster-core
potential from different microscopic potential models. We find that predic-
tions for the positive parity level structure, the transition probability, nuclear
charge radii and deformation parameters are in good agreement with the cor-
responding experimental data for most cluster-core configurations.
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Uittreksel
Nuwe Ontwikkeling in die Bineˆre Kern Bondel-Kern
Model in die Swaar Kern
Gebied
B. D. C. KIMENE KAYA
Fisika Departement,
Universiteit van Stellenbosch,
Privaatsak X1, Matieland 7602, Suid Afrika.
Proefskrif: PhD
March 2018
Die atoomkern is ’n komplekse veeldeeltjie interaksie sisteem, wat die onderlig-
gende korrelasies van nukleon toestande uitlig. Die bondel model is een van die
mees betroubare modelle wat die sterk korrelerende subsisteem van nukleone
naby die drumpel van kern verval voorspel. Die bineˆre-bondel model beskryf
die struktuur en verval eienskappe van super swaar kerne.
Die fenomenologiese Kubiese Woods-Saxon potensiaal, beskryf deur Buck,
Merchant en Perez, is suksesvol in die beskrywing van ’n aantal eksperimen-
tele waarneembares wat geassosieer word met die bondelings verskynsel. Die
onlangse ontwikkelde mikroskopiese dubbele gevoude M3Y potensiaal gee ’n
omgekeerde spektrum van die positiewe partiteit opgewekte toestande, maar
is sukselvol in die voorspelling van die verval halfleeftyd van die α-Pb sisteem.
Hierdie tekortkomminge van die M3Y gebaseerde mikroskopiese bineˆre-bondel
model lei tot die nuut ontwikkelde hibried bondel-kern potensiaal, deur die fe-
nomenologiese Kubiese Woods-Saxon potensiaal en die M3Y dubbel gevoude
potensiaal by die oppervlak gebied waar die twee potensiale oorvleuel, te pas.
Die projek bied aan ’n oorsig van kern bondel modelle. Die dubbelgevoude
potensiale is gekonstrueer deurmiddel van die M3Y en die nuwe kompleks
effektiewe Gaussian vorm faktor (CEG). Verder word die onlangse self kon-
sistente ontwikkelde relatiwistiese gemideelde veld bondel-kor beskryf. Die
iv
Stellenbosch University  https://scholar.sun.ac.za
UITTREKSEL v
verval halfleeftyd van α-Pb gee bevredigende resultate vir M3Y en CEG met
die byvoeging van ’n nul reeks ruil potensiaal. Alhoewel CEG met ’n eindi-
gende reeks en relatiwistiese gemiddelde veld benadering, word potensiale vir
alle konfigurasies van α-Pb, C-Pb and O-Pb geproduseer, behalwe vir Be-Pb,
wat die eksperimentele waardes oorskat het. Die genereerde positiewe pari-
teitsvlak strukture is omgekeerd vir α-Pb wannneer dit vergelyk word met die
ander bondel opset wat saamgepers is. Laastens was die hibride bondel-kor
potensiaal van verskillende mikroskopiese potensiale gekonstrueer. Die voor-
spellings van die positiewe pariteitsvlak strukture was gekry. Die oorgangs
waarskynlikheid, kernladings radius en vervormings parameters stem ooreen
met die ooreenstemmende eksperimentele data vir meeste van die bondel-kern
konfigurasies.
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Chapter 1
Introduction
Nuclear matter exhibits varied and rich structure due to its complexity and
the unknown nature of the nucleon-nucleon strong interaction that has still
not been pinned down to any definite form. Since the many-body of strongly
interacting nucleons cannot be solved exactly, one has to look for alternative
approximations. These are approximate methods which are at the heart of nu-
clear models developed in the past decades. Consequently, in one sight, nuclei
behave as a liquid drop in which the nucleus is treated as an incompressible
quantum drop of the uniform density. This is a consequence of strong corre-
lations resulting from the long range attraction and the short range repulsion
of mutual interaction among nucleons including the charges of protons, which
bind them. The nuclear binding energies and masses are then determined from
the " semi-empirical-mass-formulae",C.F. von Weizsäcker,[1], for an unknown
nuclei with arbitrary A and Z. However, we notice a major discontinuity in
binding energies occurring at particular neutron and proton numbers which
cannot be explained by the liquid drop model. Eventually these peculiar num-
bers are well described by the shell model (independent particle model) and
are called "magic numbers" in which nuclear binding energies are particularly
strong. They indicate the shell closure [2]. Although this model, successfully
predicted nuclear spins and parities of ground state, but failed to reproduce
magnetic moments and spins of excited states with any real certainty. There-
fore, the nucleus displays collective behaviour (collective model) arising from
residual interactions between neutrons and protons that are located further
away from closed shells (valence nucleons) [3]. It describes a nucleus as be-
ing made of a hard core of nucleons in completely filled shells similar to shell
model, with outer valence nucleons acting as surface molecules of a liquid drop.
In fact, this is a reconciliation between the liquid drop and shell models. Not
only a single nucleon is involved, but the entire nucleus acting as a whole. Two
modes of excitation are possible, either the nucleus acquires a rotational mode
due to the surface motion of valence nucleons (strong deformation) or vibra-
tional mode, involving both the core and surface (fluctuation of nuclear shape).
1
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These two modes of excitations, generally are confirmed by experiment where
they are able to predict electric quadrupole and magnetic moments with some
success. Another feature takes place when ignoring residual interaction; va-
lence nucleons are lumped together into subsystems of tightly bound particles
(clustering).
The subject of clustering cuts across many areas of science extending from
clusters of galaxies to micro-organisms. Etymologically, cluster refers to a
group of similar things that are close together. In nuclear physics, there is a
strong relationship between nucleon-nucleon correlations and the complexity
of the nuclear system. This determines a spatial arrangement of the nucleons
in bound sub-units denoted by cluster constituents and which are key aspects
of the nuclear environment. The clustering phenomenon is actually one of the
oldest models describing nuclear structure. Its essence is drawn back from
the birth of nuclear physics after the discovery of natural radioactivity. The
unknown radiations, α, β, and γ are observed from radioactive sources by
Pierre and Marie Curie and which later will be known as helium, positron
or electron and photon. In 1911, Rutherford suggested a nuclear model in
which nucleus occupies only a very small volume taken up by the atom after
an experiment involving the scattering of α-particles from heavy element such
as gold, silver and copper [4].
Cluster phenomena had been predicted from the early 1930’s. It has been
shown that the short range interaction between individual groups of nucleons
is described by partial wave functions, constructed out of "resonating group
structure" [5]. Later, in heavy nuclei, fragments close to doubly magic 208Pb
and resulting form highly asymmetric fission were reported [6]. These are con-
sequences of shell effects generated in the fragmentation potential in which one
of the two nuclei being a spherical nucleus. The emission of heavy clusters such
that 14C from 223Ra and 222−226Ra are observed, from experiments carried out
by individual groups [7–11]. Then followed numerous theoretical approaches
to investigate these new types of emissions named "cluster radioactivity" or
"heavy-ion radioactivity", including α emission [12–17]. Other exotic radioac-
tive decay modes of elements such as 20O, 24Ne, 28Mg, 34Si have been detected
as reported by Barwich et al. [18], Price et al. [19] and Audi et al. [20]. These
reveal the evidence of clustering in atomic nuclei. Thus, a cluster is a light
nucleus, which can be viewed as being emitted from a parent nucleus as stated
by Lova et al [21]. Cluster structures have been observed as states near the
corresponding decay threshold [22, 23].
Nuclear clustering has its origin in the nucleon-nucleon effective interaction.
However, the describing mechanism that leads to the formation of those sub-
units is not well understood. This mechanism is, however related to the theory
of quantum fragmentation [24], and goes beyond the scope of our investigation.
In particular, the depth of the confining potential is essential to track the
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manifestation of nuclear clustering which represents a good indication of the
cluster density. This includes the level spacings between single-nucleon orbitals
in deformed nuclei and its localized wave functions.
Although, for a given nucleus, experimental signatures of clustering are gener-
ally not straightforward, the break up of nuclei allow us to observe these clus-
ter structures. Quasi-bound states are investigated through scattering of one
cluster on another, such as the 12C+12C di-nuclear system [25, 26]. Clustering
phenomena represent a basic characteristic which describes the dynamics of
many-nucleon system within the nuclear mean-field. A common microscopic
understanding of the cluster’s dynamics relies on a global description that en-
closes both cluster states and quantum liquid drop models in light and heavy
nuclei [27–30]. The required degrees of freedom for a realistic cluster configura-
tion are orientation (rotation-oscillation) and deformation (vibrations) which
make the cluster model mimic other existing models such as nuclear collec-
tive models (rotational, vibrational,...). Cluster states are seldom found in the
nuclear ground state, but rather in highly excited states [31] and specifically
alpha- and exotic-conjugate nuclei [25, 32–34]
The formation of a cluster is favoured by the decay threshold and its close-
ness to nuclear deformations known as collective excitations. Therefore, at
the threshold, cluster states belong to an open quantum system. This ex-
plains the relationship between states related to particle-emission, and the
vicinity of scattering states. The strong selective excitation in alpha-transfer
reactions, the rotational band patterns, transitional strengths and enhanced
electromagnetic moments, including the width of resonant states above the
threshold observed during experiment, are good indications of cluster states
within nuclei, as explained in [35].
The clustering phenomenon proves its merits in describing nuclear spectroscopy
when correlation is so strong and the well-developed cluster structure is real-
ized. Indeed, the relative motion between clusters becomes a fundamental
mode of the nucleus motion. The spacial localization of clusters and their
relative motion give us a clear concept of the well developed cluster structure
[25].
Nevertheless, much work have been done to probe the spectroscopy of nuclear
systems using cluster structures. The bound states and single particle reso-
nances of the cluster-core potential which describes the properties of nuclei
can be well understood using the cluster states. It was shown that rotational
bands present quite a significant degree of alpha-cluster structure in light nu-
clei [36]. In refs. [37–40], a preformed alpha cluster can be emitted from a
parent nucleus, confirming the existence of such a particle which moves into
different orbits with respect to the core. In the actinide region, features of
the ground state rotational band such as exotic decay lifetimes, spectra of
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low-lying states (positive parity) and electromagnetic decay rates (enhanced
E2 transition rates), are well reproduced using cluster models [29, 35, 41–48].
The actual superdeformed band and normal deformed ground states in 60Zn
have been probed by treating it as 56Ni+α and 32S+28Si cluster structures
[45]. These models have been widely used to investigate nuclear spectroscopy
such as molecular states (strong deformations), resonances describing unbound
nuclei, beta-decay, and exotic and halo nuclei.
Overall, in studies that were carried out so far in accordance with the methods
and references listed therein, the nuclear potentials, central keys of structures
and scattering observables used, were either the phenomenological (Saxon-
Woods [49] and Saxon-Woods Cubed [41, 43–46]) or the double folded po-
tential with M3Y (Michigan three Yukawa), nucleon-nucleon interaction and
its density dependent versions including the zero-range pseudo-potential which
account for exchange contribution, [22, 23, 50–54]. However, the double folding
model with M3Y inter-nucleon interaction that was constructed to investigate
properties of the surface region, such as the decay half life, the width and
scattering, failed to reproduce the ground state band of low-lying states and
resulting in inverted or compressed spectra in a number of nuclei. Recently,
Ibrahim et al. [55–57], developed a hybrid potential of the Saxon-Woods
plus Saxon-Woods cubed type to remediate the ambiguity due to the folding
model in the interior region. This local form obtained with parameters fitting
at the surface of the M3Y effective interaction gave, excellent results for the
spectroscopy of even-even heavy nuclei, consistent with available experimental
data.
In this thesis, an attempt to describe cluster structure microscopically using
Binary Cluster Model (BCM) [27], will lead us to outline different potential
models, from microscopic to the phenomenological hybrid type as discussed
above. The M3Y and the later developed realistic interaction in 1983, CEG83
(Complex Effective Gaussian form factor) , [58] are used to construct the
double folded cluster-core potential. Extension to relativistic mean-field ap-
proximation treatment (RMFT) and widely known Relativistic Love-Franey
parametrization of the nucleon-nucleon amplitude [59, 60] will be discussed
and in more details in order to compare with their non-relativistic counter-
parts.
It was shown that the spectroscopy of low-lying states (energy, parity, spin,
wave function,...), and low-energy reactions are well described with cluster
model [61], where antisymmetrization effects are expected to be very signifi-
cant. Then, our cluster model will treat consistently the exchange effects of
the nucleon-nucleon interaction.
In chapter 2, we emphasize the choice of binary cluster models relying on cer-
tain criteria. We number the different cluster-core configurations to be tested
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in our model. The basic structure observables of interest will be discussed as
probes to cluster states within nuclei.
In chapter 3, which is the main body of this thesis, we will discuss and compare
different potential models transcending from phenomenological to microscopic.
We shall adopt the multiple scattering formalism to construct the microscopic
cluster-core potentials. We will give consistent arguments on different nucleon-
nucleon effective interactions used in this thesis. The relativistic mean field
approach which described the ground state properties of many nuclei is dis-
cussed.
Chapter 4, is devoted to the numerical discussions obtained from the three
potential models. We compare their results and draw conclusions on their
advantages and shortcomings and construct a hybrid potential. In chapter 5,
we give conclusions and the future directions of our project.
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Chapter 2
Binary Cluster Model and
Structure Observables
2.1 Introduction
Cluster models are constructed on the basis of effects observed in nuclei where
cluster structures can be prominent. Hence, as a model, in the cluster approxi-
mation, the A-nucleons system whose dynamics is described by the Schödinger
Hamiltonian
Hˆ =
A∑
i=1
P 2i
2mN
+
A∑
i<j
VNN(ri − rj) (2.1.1)
where mN is the nucleon mass, pi and ri are the momentum and space co-
ordinate of nucleon i, and VNN a nucleon-nucleon interaction is assumed to
be partitioned into clusters. We adopt the simplest model; the binary cluster
model of Buck et al [41] in which we consider the parent nucleus as a dinu-
clear system consisting of two touching nuclei and keeping their individuality.
The relative motion between the two nuclei gives rise to quasi-bound states
or molecular resonances in the internuclear potential, and their decay process.
This collective motion governs the dynamics of the cluster-core system and
represents its main degree of motion.
2.2 Cluster-Core Configuration
Alpha and exotic emissions (massive ejectile) are common modes of decays
in the actinide region. These easily assign an appropriate mass and charge
to describe the cluster-core system. Therefore, the two fragments should be
single or doubly magic and even-even to prevent any internal break-up. This
is a requirement, since the nucleus will prefer a nuclear state involving the
tightly bound cluster-core system. Basically, a large binding energy ensures a
great stability for the cluster-core system. We follow the method developed
6
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in refs. [27, 29, 30]. This approach states that, the likely decomposition of
a nucleus with charge and mass (ZT , AT ) into a core (Z1, A1) and a cluster
(Z2, A2) can be obtained from the local maximum of the quantity
D(Z1, A1, Z2, A2) =
2∑
i=1
[
BA(Zi, Ai)−BL(Zi, Ai)
]
(2.2.1)
defining the sum of the difference between BA(Zi, Ai) corresponding to the
binding energy for each fragment of charge and mass (Zi, Ai) with i = 1, 2, in
the unit of MeV and obtained from nuclear mass spectroscopy and the term
BL(Zi, Ai) defined below,
BL(Zi, Ai) =
p∑
j=v
fj(Ai, Zi), (2.2.2)
containing all the various terms that constitute the semi-empirical mass for-
mula (SEMF), firstly written down by Weizsa¨cker in 1935.
The most significant term is the volume term, which explains the effect of
saturation in nuclear medium,
fv(Zi, Ai) = avAi· (2.2.3)
The second is the surface term which corrects the volume term. This terms
is due to nucleons at the surface that experience less attraction compared to
nucleons further inside,
fs(Zi, Ai) = −asA
2
3
i · (2.2.4)
The third term, the coulomb term accounts for the energy of protons in the
nucleus repelling each other,
fc(Zi, Ai) = −acZi(Zi − 1)
A
1
3
· (2.2.5)
The fourth, the asymmetry term is purely quantum mechanical arising from
Pauli exclusion. It shows the tendency observed for symmetric nuclear matter
(Z = N),
fa(Zi, Ai) = −aa (Ai − 2Zi)
2
Ai
· (2.2.6)
The last, pairing term, which corrects the omission of nuclear internal spin
and shell effects is given by:
fp(Zi, Ai) = δ(Ai) (2.2.7)
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Figure 2.1: Fit to binding energy data (shown as blue dot) with mathematica pack-
age for stable even A nuclei using the liquid drop model with coefficients given in
the text, the predictions (actual binding energy) are shown as black dot. Notice the
strong deviations at the magic numbers.
where
δ(Ai) =

apA
− 1
3
i , if Zi, Ni even
−apA−
1
3
i , if Zi, Ni odd
0, if Zi, Ni even-odd or odd-even
(2.2.8)
The coefficients av, as, ac, aa, ap are evaluated with the use of information about
the binding energies of the nuclei. For specific values of av, as, ac, aa, ap used
in ref. [62], the plot in figure 2.1 shows the deviation of spectroscopic binding
energies from those calculated with the liquid drop model.
There is an extra input that comes from experimental observation, a weak
electric dipole transition in heavy which results from the strong neutron-proton
force causing the centres of charge and mass to coincide in the nucleus. For a
spinless final state, this yields the non-dipole constraint
Z1
A1
=
Z2
A2
=
ZT
AT
(2.2.9)
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and
N1
A1
=
N2
A2
=
NT
AT
· (2.2.10)
However, no single choice of cluster-core configuration satisfies this condition.
Nevertheless, we consider a nucleus as a superposition of neighbouring isotopes
or isotones made of four fragments such as(
ZT , AT
)
−→ (Z1, A1), (Z2, A2), (Z1 − 2, A1), (Z2 + 2, A2)·
For each specific even cluster charge, Z2 = 2, 4, 6, 8, 10, 12, 14, 16, 18,..., we
deduce the corresponding mass A2 such as
A2
Z2
≤ AT
ZT
≤ (A2 + 2)
Z2
· (2.2.11)
We assign the probabilities P (A2) and P (A2 + 2) to the two isotopic masses
so that the dipole constraint is fulfilled,
P (A2) + P (A2 + 2) = 1 (2.2.12)
and
P (A2)
(Z2
A2
)
+ P (A2 + 2)
( Z2
A2 + 2
)
=
ZT
AT
· (2.2.13)
The mean cluster mass and neutron numbers can be calculated as follow,
A¯2 =
ATZ2
ZT
(2.2.14)
and
N¯2 =
NTZ2
ZT
· (2.2.15)
It is now possible to calculate the mean deviations or weighted average D¯(1, 2) =
D¯(Z1, A1, Z2, A2) according to
D¯(Z1, A1, Z2, A2) = P (A2)D(Z1, A1, Z2, A2)
+ P (A2 + 2)D(Z1, A1 − 2, Z2, A2 + 2)·
(2.2.16)
For adjacent cluster isotones, the fragmentation of total charge and mass num-
ber(
ZT , AT
)
−→ (Z1, A1), (Z2, A2), (Z1 − 2, A1 − 2), (Z2 + 2, A2 + 2) is done by
taking each even cluster neutron number
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N2 = 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, 28, 30, 32; and find the correspond-
ing mass A2 such as
A2
N2
≤ AT
NT
≤ (A2 + 2)
N2
· (2.2.17)
We then assign the probabilities P (A2) and P (A2 + 2) to each cluster isotone,
yielding
P (A2) + P (A2 + 2) = 1 (2.2.18)
and
P (A2)
(N2
A2
)
+ P (A2 + 2)
( N2
A2 + 2
)
=
NT
AT
· (2.2.19)
The mean cluster mass and charge are given so that the dipole condition is
satisfied,
A¯2 =
ATN2
NT
(2.2.20)
and
Z¯2 =
ZTN2
NT
· (2.2.21)
The mean deviation or weighted average can be calculated as
D¯(Z1, A1, Z2, A2) = P (A2)D(Z1, A1, Z2, A2)
+ P (A2 + 2)D(Z1 − 2, A1 − 2, Z2 + 2, A2 + 2)·
(2.2.22)
A subsequent way is to obtain a continuous function D¯(Z1, A1, Z2, A2) for
arbitrary values of Z¯2. In this case, the nucleus is composed of mixtures of
four neighbouring isotope and isotone core-cluster systems. By selecting any
arbitrary mean charge number Z¯2 ranging from Z2 = 2 to Z2 = 18 for our
choice, we ensure that the correct mean neutron number satisfying the dipole
constraint is given by
N¯2 =
NT Z¯2
ZT
· (2.2.23)
The well known values of Z¯2 and N¯2 allow us to find the four cluster nuclei
(Z2 − 2, N2 − 2), (Z2 − 2, N2), (Z2, N2 − 2) and (Z2, N2). The cluster charge
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and neutron numbers bracket the mean values,
Z2 − 2 ≤ Z¯2 ≤ Z2
N2 − 2 ≤ N¯2 ≤ N2
(2.2.24)
The weighted probabilities assigned to each cluster are expressed by
P (Z2) =
1
2
[
Z¯2 − (Z2 − 2)
]
P (Z2 − 2) = 1
2
[
Z2 − Z¯2
]
P (N2) =
1
2
[
N¯2 − (N2 − 2)
]
P (N2 − 2) = 1
2
[
N2 − N¯2
]
(2.2.25)
We then obtain the average deviation D¯(Z¯1, N¯1, Z¯2, N¯2) by writing
D¯(Z¯1, N¯1, Z¯2, N¯2) =
1∑
i,j=0
P (Z2−2i)P (N2−2j)D(Z1+2i, N1+2j, Z2−2i, N2−2j)·
(2.2.26)
Table 2.1: Different cluster partitions used in our models
Cluster partitions Probabilities Q-values (MeV)
212Po −→ 42He+20882 Pb 1 8.985
218Rn −→ 104 Be+20882 Pb 1 14.36
222Ra −→ 146 C+20882 Pb 0.5733 33.050
228Th −→ 208 O+20882 Pb 0.38 44.723
With this approach, our primary interest is directed to double-magic core
and cluster nuclei. And especially the trans-Pb system as listed in Table 2.1
obtained from Erasmus [62], except for
(
212Po→ 42He + 20882 Pb
)
and
(
218Rn→
10
4 Be +
208
82 Pb
)
configurations with pre-formation probabilities to be equal one,
as mentioned in ref [63].
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2.2.1 Cluster-Core Potential
We have a spherically symmetric system in which we consider the cluster and
core in their respective ground states, interacting through an effective central
potential V (r). This interaction is the sum of local nuclear, U(r), Coulomb,
UC(r) and the repulsive or centrifugal UL(r) potentials, such as
V (r) = UN(r) + UC(r) + UL(r)· (2.2.27)
The Coulomb potential accounts for interaction between the cluster charge Z2,
and a uniformly spherically charged core Z1 with radius Rc,
UC(r) =
Z1Z2e
2
r
, if r ≥ Rc
=
Z1Z2e
2
2Rc
(
3−
∣∣∣ r
Rc
∣∣∣2), if r ≤ Rc· (2.2.28)
The Coulomb radius Rc is taken as nuclear potential radius R0 in order to
minimize the number of free parameters [64].
The centrifugal potential, also called the rotational energy barrier, is associated
with the orbital quantum number L, given by
UL(r) =
L(L+ 1)}2
2µr2
(2.2.29)
where µ = A1A2/(A1 + A2) is the reduced mass of the system. The modified
form of the centrifugal potential is given by the Langer form which takes into
account the contribution from L = 0. That is,
UL(r) =
(L+ 1/2)2}2
2µr2
· (2.2.30)
For the local nuclear interaction, U(r), a complete description of different po-
tential models are discussed in chapter 3. Since both cluster and core have
spin zero, there is no additional non-central forces arising from either spin-
orbit coupling or tensor forces.
2.2.2 Cluster-Core Global Quantum Number
Once we have configured our cluster-core system and decided on which inter-
acting potential to use, we next need to specify a global quantum number for
the relative motion. As the Wildermuth condition [65] stated, the energeti-
cally favoured correlation between nucleons that build up the cluster structure
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can only be located near the surface of the Fermi sea belonging to the core
(Pauli Exclusion Principle). This condition yields an appropriate choice for
the global quantum number G, such as
G = 2n+ L =
nc∑
i=1
(2ni + li)− g¯· (2.2.31)
n and L are the number of nodes and the orbital angular momentum character-
izing the orbit. nc, corresponds to the number of nucleons in the cluster. The
quantum numbers, ni and li are the corresponding filling of the shell-model
orbitals above the closed core. g¯ is associated with the shell model cluster’s
ground state structure [44]. This condition is valid if we were describing the
cluster and core nucleon orbitals by harmonic oscillator wave functions, with a
common length parameter. Hence, the generated bands of states are well de-
scribed by their common value of G. Even values of G correspond to low-lying
positive parity states of orbital angular momentum Lpi = 0+, 2+, 4+, · · · , G+,
while odd G gives the low-lying negative parity states with orbital angular
momentum Lpi = 1−, 3−, 5−, · · · , G−. In our calculations, we will also use the
approximate values of G given by Buck et al. [27].
2.3 Decay Half-Life and Width
The clear manifestation of cluster states in nuclei is seen through their decay
modes beyond the threshold for alpha-particle or exotic decays (heavier clus-
ters). This requires a preformed cluster feeling a strong nuclear force within
the parent nucleus. Once reached the edge, it can tunnel through the coulomb
barrier. There are phenomenological and microscopic descriptions of the de-
cay process. Our approach is geared to the simplest phenomenological formal-
ism developed by Gamow and the extended quasi-classical approximation of
Gurvitz and Kalbërmann [66, 67]. In the following, we shall rather underline
only global results of measurable observables of interest in our description of
the cluster model than developing a detailed mathematical framework.
We start by first elaborating on the laws of conservation that govern this pro-
cess. Consider a decaying nuclear reaction
AT
ZT
X −→ A1Z1X′ + A2Z2Y (2.3.1)
where X, X ′ and Y represent respectively, the parent, daughter and ejected
particles. From the laws of conservation of total energy, we define the reaction
Q-value, which is the amount of energy carried away by the two fragments, as
Q =
(
MX −MX′ −MY
)
c2 = TX′ + TY (2.3.2)
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where we have assumed the parent nucleus at rest. TX′ and TY are the daughter
and ejectile kinetic energies defined as
TX′ =
p2
2MX′
, TY =
p2
2MY
, (2.3.3)
with p the momentum calculated in the centre of mass of the decay and Mi,
their nuclear mass. Then from equation 2.3.2, we deduce the relation with the
Q-value
Q = TY
(
1 +
MY
MX′
)
(2.3.4)
or rewritten as
TY = Q
(MX −MY
MX
)
· (2.3.5)
Since the decay remains essentially a Coulomb barrier problem, there is an
additional shielding correction energy due to electrons surrounding the nucleus
[68],
EZ = 32.6Z2(ZT )
7/510−6MeV. (2.3.6)
Then for the ground state decay where TY is unknown, the Q-value can be
calculated either from the binding energies of particles, (first equality in equa-
tion 2.3.2) or from the kinetic energy coming from the recoil and the electron
shielding corrections in the case of an alpha particle;
Qα =
AT
AT − AαTY + 32.6Z2(ZT )
7/510−6MeV. (2.3.7)
We assumed the same mass for the proton and the neutron. But for heavier
clusters than alpha, we use instead the effective Q-value [68], with electron
shielding correction given by
Qeff = Q+ 32.6Z2(ZT )
7/510−6MeV. (2.3.8)
Spontaneous emission implies a positive value of Q, from the energetics point
of view.
We should note that the angular momentum of the ejected particle coming
from the rotational potential energy
UL(r) =
L(L+ 1)}2
2µr2
results in a thicker and higher barrier that the particle has to overcome.
For a spin zero ejectile, the conservation of angular momentum and parity
gives rise to certain constraints on the decay process. For even-even nuclei, as
in our cluster model, we have a favoured decay with no change of the angular
momentum and parity for the parent and daughter nuclei. The allowed values
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of Jpi of the daughter nucleus are 0+ (L=0), 1−(L=1), 2+(L=2), and so forth,
for spin Jpi = 0+ of the parent nucleus.
The most important quantity calculated during the break up of a given nucleus
into a cluster and a core is the decay width denoted by Γ. This quantity, in a
quasi-classical approximation [38, 39, 66, 67], is expressed as
Γ = PF
h¯2
2µ
exp
[
− 2
∫ r3
r2
k(r)dr
]
· (2.3.9)
Here P is the preformed cluster-core probability inside the parent nucleus. The
normalization factor F, such that
F
∫ r2
r1
dr
1
k(r)
cos2
(∫ r
r1
dr′k(r′)− pi
4
)
= 1 (2.3.10)
is usually written as
F
∫ r2
r1
dr
2k(r)
= 1 (2.3.11)
where we have replaced the squared cosine term by 1/2 without any loss of
accuracy. r1 , r2 and r3 are three classical turning points in order of increasing
distance from the origin, as illustrated in figure 2.2. For the ground state decay,
their values are determined by solving numerically the equation V(r)=Q. The
local wave number k(r) is defined as
k(r) =
√
2µ
h¯2
∣∣∣Q− V (r)∣∣∣· (2.3.12)
To this end, the decay half-life T1/2, defining the necessary time taken to halve
a number of nuclei, is given by
T1/2 =
h¯ln2
Γ
· (2.3.13)
The half-life estimations are also done by using the universal formula for the
cluster decay, also called the phenomenological law of Viola and Seaborg [69],
such that
log10 T1/2(s) =
a(Z1 + Z2)− b√
Q
− (c(Z1 + Z2) + d) + hlog (2.3.14)
where a=1.66175, b=8.5166, c=0.20228, d=33.9069 and
hlog =

0, if Zi, Ni even
−0.772, if Zi, Ni odd
0, if Zi, Ni even-odd or odd-even
(2.3.15)
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Figure 2.2: Central effective potential versus cluster-core relative position r. The
three classical turning points are illustrated for a specific given state energy E.
2.4 Level Structures and Electromagnetic
Transitions
The energy spectrum obtained with cluster models seems to follow a rotational
pattern. But this does not mean evidently that the cluster and rotational
models carry the same internal configuration. It was shown that, the cluster
phenomenon is associated with large intrinsic deformation which results in a
very enhanced quadrupole moment. These deformations are related to the
electromagnetic transitions between cluster or super-deformed states in heavy
nuclei [45]. These evidences secure the entire basis of the cluster model.
2.4.1 The Bohr-Sommerfeld and
Wentzel-Kramers-Brillouin Rules
Consider a radial Schrödinger equation
−h¯2
2m
d2ψ(r)
dr2
+
(
V (r)− E
)
ψ(r) = 0 (2.4.1)
where the wave function solution is written in terms of an arbitrary function
S(r) as
ψ(r) = exp(iS(r)/h¯)· (2.4.2)
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Equation 2.4.1, can be expressed as
S
′2(r) = 2m
(
E − V (r)
)
+ ih¯S ′′(r)· (2.4.3)
We then expand S(r) in powers of h¯:
S(r) = S0(r) +
h¯
i
S1(r) +
h¯2
i2
S2(r) + · · · (2.4.4)
Followed by substitution into equation 2.4.3 and equating terms that have the
same power by taking only terms up to h¯1, we obtain
S
′2
0 (r) = 2m
(
E − V (r)
)
(2.4.5)
and
2S
′
0(r)S
′
1(r) + S
′′2
0 (r) = 0· (2.4.6)
Two cases are considered when solving these equations:
The classical allowed region: V (r) < E implying
S0(r) = ±
∫ r
r0
dr′p(r′) (2.4.7)
and
S1(r) = −1
2
logS
′
0(r) + c (2.4.8)
where we have introduced
p(r) =
√
2m
(
E − V (r)
)
(2.4.9)
and the constant c.
Then, the general solution is given by
ψ(r) =
a+
p(r)
exp
[
i
h¯
∫ r
r0
dr′p(r′)
]
+
a−
p(r)
exp
[
− i
h¯
∫ r
r0
dr′p(r′)
]
· (2.4.10)
The classical forbidden region: V (r) > E, the general solution is written as
φ(r) =
b+
q(r)
exp
[
1
h¯
∫ r
r0
dr′q(r′)
]
+
b−
q(r)
exp
[
− 1
h¯
∫ r
r0
dr′q(r′)
]
· (2.4.11)
Likewise, we have defined
q(r) =
√
2m
(
V (r)− E
)
· (2.4.12)
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Here a± and b± are constants and r0 is an arbitrary point. Note that, there is
a point such that V (r¯) = E, called the classical turning point where classically
the particle stops and turns back in the opposite direction. The Wentzel-
Kramer-Brillouin (WKB) is proven to be valid if the variation of the potential
over a distance of the size of the de Broglie wavelength, λ0(r) = 2pih¯/p(r), has
to be small with respect to the kinetic energy of the particle. That is
λ0(r)
dV (r)
dr
 p
2(r)
2m
(2.4.13)
otherwise, it will not hold since this relation breaks down at the turning point
where p(r) = 0.
We then examine different possibilities, where we have a case of the potential
barrier on the left of figure 2.3 with a turning r1 point such that
E < V (r) for r < r1
E > V (r) for r > r1
· (2.4.14)
Since the WKB is invalid at the turning point r1, we expand to first order the
potential V (r) near r1 in order to solve the stationary equation 2.4.1;
E − V (r) = E − V (r1)− (r − r1)V ′(r)· (2.4.15)
Then, the equation 2.4.1 becomes,
d2ψ(r)
dt2
+ tψ(r) = 0 (2.4.16)
where
t =
(
2m
h¯2a1
)1/3
(r − r1), a1 = −V ′(r)· (2.4.17)
The solution of this equation is expressed as a linear combination of Bessel
functions,
ψ(r) =
A√
p(r)
√
yJ1/3(y) +
B√
p(r)
√
yJ−1/3(y) for r > r1
ψ(r) =
C√
q(r)
√
yI1/3(y) +
D√
q(r)
√
yI−1/3(y) for r < r1
· (2.4.18)
Applying the asymptotic form of Bessel function such that,
J±1/3(y)→

(y
2
)±1/3 1
Γ(1± 1/3) y → 0
(
1
2ypi
)1/2
cos
(
y ∓ pi/6− pi/4
)
y →∞
(2.4.19)
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I±1/3(y)→

(y
2
)±1/3 1
Γ(1± 1/3) y → 0
(
1
2ypi
)1/2 (
ey + e−y + e−i(1/2±1/3)) y →∞
· (2.4.20)
thus, solutions belonging to both regions can be connected so that
1√
q(r)
exp
[
− 1
h¯
∫ r1
r
dr′q(r′)
]
↔ 2√
p(r)
cos
[
1
h¯
∫ r
r1
dr′p(r′)− pi
4
]
1√
q(r)
exp
[
1
h¯
∫ r1
r
dr′q(r′)
]
↔ − 2√
p(r)
sin
[
1
h¯
∫ r
r1
dr′p(r′)− pi
4
] · (2.4.21)
In a similar way, if a turning point r1 is located on the right of the potential
barrier such that
E > V (r) for r < r1
E < V (r) for r > r1
, (2.4.22)
then the solution is expressed as,
2√
p(r)
cos
[
1
h¯
∫ r1
r
dr′p(r′)− pi
4
]
↔ 1√
q(r)
exp
[
− 1
h¯
∫ r
r1
dr′q(r′)
]
2√
p(r)
sin
[
1
h¯
∫ r
r1
dr′p(r′)− pi
4
]
↔ − 1√
q(r)
exp
[
1
h¯
∫ r1
r
dr′q(r′)
] · (2.4.23)
These results can be used now to describe a potential given in figure 2.3 which
contains two turning points r1 and r2 so that the classically allowed region is
located in between r1 and r2.
Let us situate the regions I, II and III within intervals ]−∞, r1], ]r1, r2], ]r2,∞[
In region I, the asymptotic solution r −→ −∞, is
ψI(r) = C
1√
q(r)
exp
[
− 1
h¯
∫ r1
r
dr′q(r′)
]
· (2.4.24)
Therefore, this solution is matched in region II to
ψII(r) = C
2√
p(r)
cos
[
1
h¯
∫ r
r1
dr′p(r′)− pi
4
]
· (2.4.25)
Next, we define from equation 2.4.23,
ζ =
1
h¯
∫ r2
r1
dr′p(r′)− pi
2
(2.4.26)
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𝑉(𝑟)
E
I II III
𝑟 < 𝑟1 𝑟1 < 𝑟 < 𝑟2 𝑟2 < 𝑟
𝑟1 𝑟2
𝑟
Figure 2.3: Central potential with localized classical turning points where arrows
indicate connecting regions.
so that in region II, the solution may be written as
ψII(r) = C
2√
p(r)
cos
[
1
h¯
∫ r
r1
dr′p(r′)− pi
4
− ζ
]
= C
2√
p(r)
[
cos
(
1
h¯
∫ r
r1
dr′p(r′)− pi
4
)
cos(ζ)
+ sin
(
1
h¯
∫ r
r1
dr′p(r′)− pi
4
)
sin(ζ)
]
·
(2.4.27)
This last equation is now connected to the solution in region III at the second
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turning point r2 to yield,
ψIII(r) = C
1√
q(r)
[
exp
(
−1
h¯
∫ r
r2
dr′q(r′)
)
cos(ζ)−2exp
(
1
h¯
∫ r
r2
dr′q(r′)
)
sin(ζ)
]
·
(2.4.28)
Therefore, E is an eigenvalue if and only if
sin(ζ) = 0 or ζ = npi, (2.4.29)
leading to the well known Bohr-Sommerfeld Quantization Rule [70, 71],∫ r2
r1
dr
p(r)
h¯
= (2n+ 1)
pi
2
· (2.4.30)
So for a given potential V(r) and a known value of the quantum number G, the
spectrum, EL associated with the angular momentum L, is computed either
with the quantization rule
∫ r2
r1
√
2µ
h¯2
[
EL − V (r)
]
dr =
(
2n+ 1
)pi
2
=
(
G− L+ 1
)pi
2
(2.4.31)
or directly by solving the radial Schrödinger equation 2.4.1 for the quasi-bound
states. Note that the energies EL = Q+E∗L where E∗L are the excited energies
for Lpi = 0+, 2+, 4+, ... band states. This quantization condition also, allows
to adjust the depth of the cluster-core total potential.
2.4.2 Transition Probability
The cluster model makes definite predictions concerning the electromagnetic
properties of its constituent states. And such electromagnetic transitions in-
volve composite single-particle clusters in our case, instead of single-particles
like a proton or neutron. It is well known that excited states of nuclei usually
de-excite to their ground states via spontaneous photon emission (multipole
radiation) or the inverse process, absorption giving rise to electromagnetic
transitions. Such processes are described as resulting from the interaction of
the nucleus with an external electromagnetic field. These interactions are me-
diated by the four-potential (φ,A). The scalar potential, φ, couples to nuclear
charge ρ and the vector potential A, to the nuclear current j. We will not
get involved in any complicated calculation, but we rather list only interesting
results.
We consider a transition probability per unit time or transition probability in
short, of gamma radiation with angular momentum (L,m) representing also
the multipole moment of the radiation field. The decay occurs from an ini-
tial nuclear state (Ji,mi) to a final nuclear state (Jf ,mf ) where the sources
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of the field are either electric or magnetic, denoted by an index σ = E or
σ = M . This transition probability is calculated from time-dependent pertur-
bation theory (Fermi′s golden rule) [72],
W
(
L; Ji −→ Jf
)
=
8pi
(
L+ 1
)(Eγ
h¯c
)2L+1
Lh¯
[(
2L+ 1
)
! !
]2 ∑
mmf
∣∣∣〈Jfmf |MσLm|Jimi〉∣∣∣2·
(2.4.32)
The radiation or gamma ray energy is given by Eγ = Ei − Ef . The spherical
tensor of rank L, MσLm, represents the nuclear electromagnetic transition
operator.
We note that the transition conserves the angular momentum,
Ji = Jf +L (2.4.33)
and the allowed transitions are restricted to the triangular condition
|Ji − Jf |≤ L ≤ Ji + Jf , mi = mL +mf (2.4.34)
2.4.3 Reduced Transition Probability
Since magnetic substates for a given angular momentum are not accessible di-
rectly, an adequate observable turns out to be the reduced transition probability,
defined as
B
(
σL; Ji −→ Jf
)
≡
∑
mmf
∣∣∣〈Jfmf |MσLm|Jimi〉∣∣∣2
=
1
2Ji + 1
∣∣∣(Jf ||MσLm||Ji)∣∣∣2· (2.4.35)
In the last step, we have used theWigner-Eckart Theorem, and
(
Jf ||MσLm||Ji
)
is called the reduced matrix element of the multipole operator MσLm.
So, the transition probability written above, in 2.4.32 will read
W
(
L; Ji −→ Jf
)
=
8pi
(
L+ 1
)(Eγ
h¯c
)2L+1
Lh¯
[(
2L+ 1
)
! !
]2 B(σL; Ji −→ Jf)· (2.4.36)
With the convenient notation used for the multipole operator,
MEL = QL, MML = ML, (2.4.37)
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we then write down the components of electric and magnetic tensors of rank
L as
QLm =
A∑
j=1
e(j)rLj Y
∗
Lm(Ωj)
MLm =
µN
h¯c
A∑
j=1
[ 2
L+ 1
g
(j)
l l(j) + g
(j)
s s(j)
]
·∇
[
rLj Y
∗
Lm(Ωj)
]
·
(2.4.38)
e(j)=(e for proton, 0 for neutron) is the electric charge. l(j) and s(j) are
the orbital and spin angular momenta of nucleon j, with polar coordinates
Ωj =
(
θj, φj
)
.
The spin factor g(j)s =(gp = 5.586 for proton, gn = −3.826 for neutron) and
orbital factor g(j)l =(1 for proton, 0 for neutron) are gyromagnetic ratios. µN =
h¯/2mp=0.10515 cefm is the nuclear magneton with mp = 938.27 MeV/c2, the
proton mass.
Therefore, we can see from equation 2.4.38 that the L-pole, electric and mag-
netic operators have parities, pi = (−1)L and pi = (−1)L+1. It follows that the
parity conservation rule during the transition implies
piipif =

(−1)L for QL,
(−1)L+1 for ML·
(2.4.39)
where pii and pif denote the parities of initial and final nuclear states. Hence
the likeliest transition is the one with smallest multipolarity, constrained to
angular momentum and parity selection rules 2.4.34 and 2.4.39.
Our model uses electric transitions as a probe to the structure of nuclear
states involving multipole moments and gamma decay such that the sum in
the electric tensor operator runs over the two total charges Z1 and Z2 of the
core and cluster [63], as shown in figure 2.4.
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θ
centre of mass
𝑟1
𝑟2
𝑍1, 𝐴1
𝑍2, 𝐴2
Figure 2.4: Coordinates representation of cluster-core relative motion
QLm =
A∑
j=1
e(j)rLj Y
∗
Lm(Ωj)
≈ Z1rL1 Y ∗Lm(Ω1) + Z2rL2 Y ∗Lm(Ω2)
= Z1r
L
1 Y
∗
Lm
(
θ1, φ1
)
+ Z2r
L
2 Y
∗
Lm
(
θ2, φ2
)
= Z1r
L
1 Y
∗
Lm
(
pi − θ, pi + φ
)
+ Z2r
L
2 Y
∗
Lm
(
θ, φ
)
=
[
(−1)LZ1rL1 + Z2rL2
]
Y ∗Lm
(
θ, φ
)
=
[
(−1)LZ1
(−A2r
A
)L
+ Z2
(
A1r
A
)L ]
Y ∗Lm
(
θ, φ
)
= βLr
LY ∗Lm(θ, φ)
(2.4.40)
where
βL =
[
Z1
(−A2
A
)L
+ Z2
(
A1
A
)L ]
· (2.4.41)
Furthermore our model is geared to spin zero nuclei, thus the total angular
momentum, J = L + S is reduced to the orbital angular momentum L. So,
the matrix element for a given L-pole electric operator is written according to
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the Wigner-Eckart theorem [73],
〈Lfmf |QLm|Limi〉 = 〈Lfmf |βLrLY ∗Lm(θ, φ)|Limi〉
= (−1)m〈Lfmf |βLrLYL−m(θ, φ)|Limi〉
= 〈LimiL−m|Lfmf〉(Lf ||QL||Li)
=
Lˆf
Lˆi
〈LfmfLm|Limi〉(Lf ||QL||Li)
(2.4.42)
with the ’hat factor’, Lˆ =
√
2L+ 1.
A straightforward application of this to the reduced transition probability gives
B
(
EL;Li −→ Lf
)
=
∑
mmf
∣∣∣〈Lfmf |QLm|Limi〉∣∣∣2
=
∑
mmf
(
Lˆf
Lˆi
)2 ∣∣∣〈LfmfLm|Limi〉∣∣∣2∣∣∣(Lf ||QL||Li)∣∣∣2
=
(
Lˆf
Lˆi
)2 ∣∣∣(Lf ||QL||Li)∣∣∣2,
(2.4.43)
where we have considered the symmetry properties of the Clebesch-Gordon
coefficients (CG).
Next we would like to give an evaluated expression for the reduced matrix
element
(
Lf ||QL||Li
)
. We recall that the cluster-core initial and final nuclear
states are written as:
|Limi〉 = ϕnLi(r)
r
YLimi(θi, φi), |Lfmf〉 =
ϕnLf (r)
r
YLfmf (θf , φf )· (2.4.44)
According to Brink and Satchler [73], the reduced matrix element is given by
(
Lf ||QL||Li
)
=
βL√
4pi
(
LˆiLˆ
Lˆf
〈
Li0L0
∣∣∣Lf0〉)〈ϕnLf (r)∣∣∣rL∣∣∣ϕnLi(r)〉 (2.4.45)
which yield the reduced transition probability
B
(
EL;Li −→ Lf
)
=
(
βLLˆ
)2
4pi
(〈
Li0L0
∣∣∣Lf0〉)2
∣∣∣∣∣〈ϕnLf (r)∣∣∣rL∣∣∣ϕnLi(r)〉
∣∣∣∣∣
2
·
(2.4.46)
We can derive a convenient simple estimate approximation for the reduced
transition probabilities B
(
EL;Li −→ Lf
)
. This is possible, if we assume a
constant radial wave function, inside the nucleus and zero outside. Finally,
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this results in the so-called Weisskopf single-particle estimate or Weisskopf
unit (W.u.) [74];
BW (EL) ≈ 1.2
2L
4pi
(
3
L+ 3
)2
A2L/3e2fm2L· (2.4.47)
For a transition involving a given nuclear state Li = L to the ground state
Lf = 0, the reduced transition probability is,
B
(
EL;L −→ 0
)
=
(
βL√
4pi
)2∣∣∣∣∣
∫
drϕ∗nL(r)r
Lϕn0(r)
∣∣∣∣∣
2
(2.4.48)
The state L = 1, corresponds to dipole transitions, with the reduced transition
probability
B
(
E1; 1− −→ 0+
)
=
(
β1√
4pi
)2∣∣∣∣∣
∫
drϕ∗n1(r)rϕn0(r)
∣∣∣∣∣
2
, (2.4.49)
which are weak for low-lying states in heavy nuclei. This gives rise to a van-
ishing charge factor
β1 =
[
Z1
(−A2
A
)
+ Z2
(
A1
A
)]
≈ 0, (2.4.50)
leading to the dipole constraint
Z1
A1
=
Z2
A2
=
Z
A
· (2.4.51)
The state L = 2, corresponds to quadrupole transitions between positive par-
ity low-lying states, where experimental values are well known. The reduced
transition probability is
B
(
E2; 2+ −→ 0+
)
=
(
β2√
4pi
)2∣∣∣∣∣
∫
drϕ∗n2(r)r
2ϕn0(r)
∣∣∣∣∣
2
≈
(
Z1Z2√
4piZ
)2∣∣∣∣∣
∫
drϕ∗n2(r)r
2ϕn0(r)
∣∣∣∣∣
2
,
(2.4.52)
where we have used the dipole constraint defined in 2.4.51.
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2.5 Mean Square Charge Radius
This quantity accounts for the nuclear shape and demonstrates a large degree
of surface clustering. Its value is estimated according to [75]:
〈r2ch〉 =
Z1
Z1 + Z2
〈r2ch1〉+
Z2
Z1 + Z2
〈r2ch2〉+
Z1A
2
2 + Z2A
2
1
(Z1 + Z2)(A1 + A2)2
〈r2m〉 (2.5.1)
where 〈r2ch1〉 and 〈r2ch2〉 are core and cluster rms charge radii and 〈r2m〉 their
mean square separation defined as
〈r2m〉 =
∫ ∞
0
r2ϕ2nL(r)dr. (2.5.2)
Here the radial wave function ϕnL(r) obtained from the radial Schrödinger
equation 2.4.1 is normalized to unity.
2.6 Deformations Parameters
In the relativistic-mean-field-theory formalism, the signature of cluster states
are indicated by large deformations [32]. This suggests the knowledge of
quadrupole moments for protons and neutrons which are measurable observ-
ables. These observables are related to the expectation values of spherical
harmonics such that
〈r2Y20(θ, 0)〉p,n = 1
2
√
5
4pi
Qp,n· (2.6.1)
Though, it will be rather convenient to express these quantities as a dimen-
sionless deformation parameter β2, in such a way that the matter quadrupole
moment Q20
Q20 = Qp +Qn =
3
4pi
√
16pi
5
AR20β2· (2.6.2)
with
R0 = 1.2A
1/3
Having described tools that we needed in order to investigate nuclear spec-
troscopy within binary cluster models, in the next chapter, we will be dis-
cussing different potential models of interest.
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Nuclear Cluster-Core Potential
3.1 Introduction
Optical potentials enable not only excellent fits to elastic and inelastic scat-
tering data but also allow one to describe the excitation energies of cluster
states in given nuclei and their γ-decay properties. The bound cluster-core
system is considered as a projectile-target system in their respective ground
states. The two nuclei interact with each other through the two-nucleon inter-
action, which is described as an effective interaction. In the following sections,
different potential models are discussed.
3.2 Phenomenological Nuclear Potential
The phenomenological potential is constructed on a basis of certain consid-
erations based on the bulk properties related to specific nuclear phenomenon
such as nuclear clustering. It depends on some parameters related to its ge-
ometrical functional form that need to be adjusted so that they may fit to
experimental data. A widely known is the Saxon-Woods plus Saxon-Woods
cubed (SW + SW3) [27],
U(r) = −V0
[
x
1 + exp
(r −R
a
) + 1− x[
1 + exp
(r −R
3a
)]3
]
· (3.2.1)
Here V0, defines the depth of the potential, while x, a and R, are the mixing
parameter, the diffuseness and the nuclear radius.
This potential reproduces consistently the alpha and exotic decay half-lives.
It also predicts accurately the level structures of nuclei in the rare earth and
actinide regions. Notwithstanding its success, very little with regard to the
microscopic nature of clustering in closed shell nuclei is known about this po-
tential model. For this reason, in the following sections two reliable microscopic
approaches will be developed and the results compared.
28
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3.3 Microscopic Nonrelativistic Nuclear
Potential
The microscopic potential is constructing out of the global properties using
nucleon-nucleon interaction. We will develop a multiple scattering formalism
in order to derive the effective interaction for the bound cluster-core system.
3.3.1 Multiple Scattering Formalism
Consider an interacting system consisting of projectile and target nuclei de-
noting the core and cluster with atomic numbers A1 and A2. The Schrödinger
equation describing the two-body system is written as(
E − HˆA1 − HˆA2 − Tˆ0 − Vˆ
)
Ψ = 0, (3.3.1)
where E is the total relative energy.
Vˆ =
A1∑
i=1
A2∑
j
vij (3.3.2)
defining the pairwise interaction between the i-th nucleon in the core and j-th
nucleon in the cluster; and summed over the total number of nucleons of both
nuclei and E defining the energy of the system.
The operator Tˆ0 is the corresponding kinetic energy acting on the relative
coordinates of the A1 + A2 nucleons.
The intrinsic structures (shell structure) of A1 core nucleons, and A2 cluster
nucleons are included in HˆA1 and HˆA2 .
These Hamiltonians are just the sum of the one-nucleon kinetic energy plus
the sum of their pair interactions such that
HˆA1 =
A1∑
i=1
hi +
A1∑
i<j
uij
HˆA2 =
A2∑
l=1
hl +
A2∑
l<m
ulm,
(3.3.3)
with hi = − (}2/2mi)∇2i kinetic energy of nucleon in Ai nucleons and uij =
u(ri − rj) their inter-nucleon interaction.
The antisymmetrization between these two nuclei is neglected for the moment.
Thus, the total wave function is expanded according to
Ψ(r1, · · · , rA1 ; r
′
1, · · · , r
′
A2
) =
∑
αβ
ψαβ(r)ϕα(r1, · · · , rA1)φβ(r
′
1, · · · , r
′
A2
)·
(3.3.4)
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ψαβ(r) is the wave function describing the cluster-core relative motion.
The physical antisymmetric eigenstates of HˆA1 and HˆA2 are solutions of equa-
tions
HˆA1ϕα(r1, · · · , rA1) = εαϕα(r1, · · · , rA1)
HˆA2φβ(r
′
1, · · · , r
′
A2
) = εβφβ(r
′
1, · · · , r
′
A2
)· (3.3.5)
Here εα and εβ are eigenenergies associated to eigenfunctions ϕα and φβ.
The subscript α and β represent the usual set of quantum numbers {nlmjmi};
mi being the nucleon isospin projection.
The formal Lippmann− Schwinger solution of the equation 3.3.1 is
Ψ+ = Φ +
1
E − Hˆ0 + iδ
VˆΨ+ (3.3.6)
where Φ is the solution of homogeneous equation(
E − Hˆ0
)
Φ = 0· (3.3.7)
With Hˆ0 = HˆA1 + HˆA2 + Tˆ0, defining the non-interacting Hamiltonian of the
cluster-core system.
The +iδ insures the proper boundary conditions for scattering.
One may also expand the homogeneous solution according to
Φ(r1, · · · , rA1 ; r
′
1, · · · , r
′
A2
) =
∑
αβ
χαβ(r)ϕα(r1, · · · , rA1)φβ(r
′
1, · · · , r
′
A2
)·
(3.3.8)
χαβ(r) describes the free propagation in the relative cluster-core nuclear coor-
dinates.
Now, we rewrite equation 3.3.6 as a series by repeatedly using the definition
of Ψ+ on the right hand side
Ψ+ = Φ+
1
E − Hˆ0
VˆΦ+ 1E − Hˆ0 + iδ
Vˆ 1E − Hˆ0 + iδ
VˆΦ · · · =
∞∑
n=0
(
1
E − Hˆ0 + iδ
Vˆ
)n
Φ
(3.3.9)
which defines the Born series.
From equation 3.3.9 we define the transition operator, the main ingredient for
determining the potential, as
Tˆ = Vˆ + VˆGˆ(E)Tˆ (3.3.10)
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where
Gˆ(E) = 1E − Hˆ0
(3.3.11)
is the unperturbed Green function.
Equation 3.3.10 defines the Lippmann − Schwinger relation for the cluster-
core transition operator. Next we would like to derive explicitly the multiple
series of the cluster-core potential.
3.3.2 First Order Nuclear Cluster-Core Optical
Potential
We consider the elastic channel in which both cluster and core remain in their
respective ground states such that α = β = 0. As a result, all the contributions
from virtual excitation of the core and internal excitation of the cluster nuclei
are included in an effective one-body potential. This is the so-called optical
potential ("passive medium" in which both nuclei are treated as though they
cannot be excited).
To proceed with this, one follows the projection technique of Feshbach [76, 77].
It is now convenient to introduce the ground state projector defined as
Pˆ = |ϕ0φ0〉〈ϕ0φ0| (3.3.12)
and the excited state projector
Qˆ =
∑
α6=0,β 6=0
|ϕαφβ〉〈ϕαφβ|, (3.3.13)
so that
Pˆ + Qˆ = 1· (3.3.14)
And noting that Pˆ2 = Pˆ , Qˆ2 = Qˆ, and
[
Pˆ , Qˆ
]
=
[
Pˆ , Gˆ
]
=
[
Qˆ, Gˆ
]
= 0.
Starting from 3.3.10, after inserting the relation 3.3.14, we therefore obtain
Tˆ = Vˆ + VˆGˆPˆTˆ + VˆGˆQˆTˆ , (3.3.15)
which can be rearranged as
(1− VˆGˆQˆ)Tˆ = Vˆ + VˆGˆPˆTˆ (3.3.16)
or by multiplying both sides by (1− VˆGˆQˆ)−1, one gets
Tˆ = (1− VˆGˆQˆ)−1Vˆ + (1− VˆGˆQˆ)−1VˆGˆPˆTˆ · (3.3.17)
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We define
Uˆ = (1− VˆGˆQˆ)−1Vˆ , (3.3.18)
as an effective interaction.
Because both Pˆ and Qˆ commute with Gˆ, one may rewrite Tˆ and Uˆ as
Tˆ = Uˆ + Uˆ PˆGˆPˆTˆ (3.3.19)
and
Uˆ = Vˆ + VˆQˆGˆQˆUˆ · (3.3.20)
Both, equations 3.3.19 and 3.3.20 are equivalent to 3.3.10. The Uˆ appearing
defines the optical potential expressed in terms of the two-body interaction
Vˆ . This actual nucleon-nucleon interaction Vˆ is highly singular. Indeed it
possesses a strong repulsion at short range (hard core). This renders invalid to
construct any perturbation theory based on such a potential. It will be more
convenient to express Uˆ in terms of the two-nucleon nonsingular operator,
instead of Vˆ .
Thus, one may express Uˆ as [78],
Uˆ =
A2∑
j=1
Uj, (3.3.21)
where
Uj =
A1∑
i=1
Uij· (3.3.22)
We start by rewriting equation 3.3.20 as,
Uj = Vj + VjQˆGˆQˆ
A2∑
k=1
Uk = Vj + VjQˆGˆQˆUj + VjQˆGˆQˆ
A2∑
k 6=j
Uk· (3.3.23)
Consequently, we are in the process of defining the nonsingular operator in
terms of the singular two-body interaction Vˆ , the so-called Watson operator
τ [79, 80], such that
τj = Vj + VjQˆGˆQˆτj = Vj + VjQˆGˆQˆVj + VjQˆGˆQˆVjQˆGˆQˆVj + · · · (3.3.24)
Eventually, from equations 3.3.24 and 3.3.23 , Uj can be expressed in terms of
τ ,
Uj = τj + τjQˆGˆQˆ
A2∑
k 6=j
Uk· (3.3.25)
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Hence, summing over the index j in the last equation yields,
Uˆ =
A2∑
j
τj +
A2∑
j,j 6=k
τjQˆGˆQˆτk · · · (3.3.26)
This is the analogue of the Watson multiple scattering series for the optical
potential [81]. This series is a central key in nuclear physics. It expresses the
many-body operator Uˆ in terms of the sum of two-body operators τij rather
than Vij. Hence each term in the series can be interpreted as single (single
interaction between the i-th cluster nucleon and j-th core nucleon), double
scattering (a double interaction between the i-th cluster nucleon and j-th core
nucleon) of each bound nucleon in the cluster from the bound core nucleons
which means .
Since the nucleus is assumed to be a dilute system, the likelihood that each
nucleon inside the cluster will strike more than one different nucleon in the
core remains negligible. Indeed , only the first term will be relevant in the
series. This is the so-called first− order Watson Optical Potential,
Uˆ1st =
A2∑
j=1
τj =
A1∑
i=1
A2∑
j=1
τij· (3.3.27)
This expression is analogous to [80, 82] for the case of the proton-nucleus op-
tical potential.
The complex τ -matrix in this equation involves the two-body interaction Vij
which is related to nuclear properties. In the next section we discuss the effec-
tive nucleon-nucleon interactions, the central key in determining the nucleus-
nucleus potential.
3.3.3 Microscopic Effective Nucleon-Nucleon
Interaction
The microscopic knowledge of interactions between complex nuclei consisting
of nucleons, starting from the bare nucleon-nucleon interaction in free space
is one of the most crucial subjects in nuclear physics. For the nucleus-nucleus
potential constructed from the bare nucleon-nucleon interaction, one has to
efficiently deal with the many-body effects due to the nuclear medium. Con-
sequently, one has to introduce an effective nucleon-nucleon interaction that
contains the medium effects in the multiple scattering framework developed be-
fore, such as the τˆ -matrix, Rˆ-matrix, and Gˆ-matrix interactions. These nuclear
medium effects are induced by the Fermi motion, the binding energies and the
Pauli blocking [58, 83–85]. Such effective interactions should be adjusted to
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the scattering phase shifts and binding energies. They are in principle density
and energy dependent. The basic approach to calculate the medium effects as
discussed in refs. [84] is to substitute the complicated (A1+A2)-body projector
operator QˆGˆQˆ in the definition of τij by an appropriate operator which takes
into account the nuclear medium effects as discussed above. One way is to
replacing with the similar two-nucleons system operator in the infinite nuclear
matter of well defined Fermi momentum. The application to finite nuclear
matter being done through the local density approximation (LDA).
We will not make any attempt to derive the effective interaction due to medium
effects here, but we rather give some insights that lead to the calculation of
the Gˆ-matrix.
Thus for low-energy cluster-core potential, the estimate full many-body prop-
agator that takes into account the medium effect is defined as
QˆGˆQˆ ' QˆF
e
· (3.3.28)
The projection operator QˆF is the usual Pauli blocking operator that prevents
the two nucleons in the cluster-core system from sitting in states already oc-
cupied by (A1 + A2)-2 nucleons. And e is the energy denominator of the two
propagating nucleons in the infinite nuclear matter.
For the Gˆ-matrix, resulting from bare nucleon-nucleon interaction, on has to
solve, the two-body Schrödinger equation named Bethe-Goldstone’s equation
(
Ti + Tj + Ui + Uj − E
)
ψ = QˆFVij· (3.3.29)
In order to define the matrix elements of the operator Gˆ, we follow the ap-
proaches given in [58, 86–88]. We will slightly change the notation, but the
formulation will remain the same.
We consider a pair of nucleons in momentum space, one propagating with
momentum pi, and a bound nucleon with momentum pj in nuclear matter of
Fermi momentum kF . With KC = pi + pj and q =
pi − pj
2
, defining respec-
tively the centre-of-mass and relative momenta. The scattering of the nucleon
pair in the nuclear medium is described by the Gˆ-matrix, obtained by solving
the Brückner’s equation [89],
with
Gˆ(ω) = Vij +
∑
qi,qj
Vij QˆF (qi, qj)
ω − e(qi)− e(qj) + i Gˆ(ω)· (3.3.30)
Here Vij is the bare nucleon-nucleon interaction.
Stellenbosch University  https://scholar.sun.ac.za
CHAPTER 3. NUCLEAR CLUSTER-CORE POTENTIAL 35
The Pauli blocking operator is defined by
QF (qi, qj)|qi, qj〉 =

|qi, qj〉, qi, qj > 0
0 otherwise
· (3.3.31)
Here e(qi), represents a single-particle energy in an intermediate state with
momentum qi. The starting energy ω, is the sum of energy of the incoming
nucleon, E(pi) and the single-particle energy,
E(pi) =
h¯2p2i
2m
+ U(pi, e(pi)) (3.3.32)
and
e(pj) =
h¯2p2j
2m
+ U(pj, e(pj)), (3.3.33)
where U(pi, e(pi)), represents the single particle potential.
The estimated Gˆ-matrix is achieved with the so-called continuous choice for
intermediate nucleon spectra, crucial for its imaginary part coming from i.
Consequently, the single particle energies
e(q) =
h¯2q2
2m
+ U(q, e(q)) (3.3.34)
are calculated self-consistently for both bound (q ≤ kF ) and intermediate
(q > kF ) states where kF is the Fermi momentum associated with the nuclear
matter density ρ. However, the state of a nucleon pair is given by a set
(T, S, L, J) , where T , denotes the relative isospin and S, L and J are relative
spin, orbital and total angular momenta. The corresponding relative scattering
wave is obtained by solving the equation,
uTSJLL′ (r; q) = JL(qr)δLL′ + 4pi
∑
L”
∫ ∞
0
r
′2dr
′
FL(r, r
′; q)VTSJL′L′′(r′)uTSJLL′′ (r′′, q).
(3.3.35)
And
FL(r, r
′; q) =
1
2pi2
∫ ∞
0
q
′2dq′
Q¯F (q
′, Kˆc; kF )JL(q′r)JL(q′r′)
ω −
[
h¯2q
′2
m
+
h¯2Kˆ2c
4m
+ UR(q¯′+) + UR(q¯′−)
]
(3.3.36)
where jL(qr) is a spherical Bessel function. Q¯F , Kˆc, and q¯± are the angle-
averaged expressions for the Pauli operator QF , the centre-of mass, Kc and
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the relative, q, momenta. Here, UR(q) = Re(U(q)). The Gˆ-matrix element and
the single-particle potential are calculated as follows:
〈q|GTSJLL |q〉 = 4pi
∫ ∞
0
r2drJL(qr)VTSJLL′′ (r)uTSJLL′ (r; q) (3.3.37)
and
U(pi, E(pi); kF ) =
1
2pi
∫ ∞
0
q2dqZ(q; pi, kF )
∑
TSJT
1
2
(2J + 1)(2T + 1)〈q|GTSJLL |q〉
(3.3.38)
where
Z(q; pi, kF ) =
1
piq
[
k2F − (pi − 2q)2
]
· (3.3.39)
The local form representation of the Gˆ-matrix in position space is [58, 86]
GTSJLL′ (r; kF , E(pi)) =
∫
q2dqZ(q; pi, kF )J
′
L(qr)
∑
L′′ VTSJL′L′′(r)uTSJLL′ (r; q)∫
q2dqZ(q; pi, kF )J ′L(qr)JL(qr)
·
(3.3.40)
3.3.4 Complex Effective Gaussian Form Factor: CEG
The estimated interaction GTSJLL′ (r) from equation 3.3.40, is parametrized as a
linear three-range Gaussian form factor: the outer two ranges are determined
by fitting the radial form of GTSJLL′ (r) in long- and intermediate-range regions,
and the innermost part is fixed so as to reproduce the (LSJT )-state contribu-
tion of the single-particle potential U. We ignore the non central part since our
model is geared for spin zero nuclei. In our model, we will test the first proto-
type, density-dependent complex effective gaussian form factor (CEG83),
(developed by Yamaguchi in 1983) [58] whose functional form is given by
V ST (r; kF , E¯) =
3∑
i=1
vSTi (kF ; E¯)exp
(
− r
λi
)2
(3.3.41)
and
vi(kF ; E¯) = v0i(E¯)
(
1 + αi(E¯)kF + βi(E¯)k
2
F
)
· (3.3.42)
Note that E¯ = E/A2. The parameters for this interaction are given in chapter
4.
3.3.5 Semi-realistic Effective Interaction: M3Y
The M3Y (Michigan 3-range Yukawa) [23, 90–92] interaction is a kind of Gˆ-
matrix. It is real and weakly energy dependent with zero imaginary part. It
has the direct VD and exchange VEX parts. These parts are determined from
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the singlet- and triplet even (VSE,VTE) and odd (VSO,VTO) components of the
two-nucleon forces. The direct VD and exchange VEX parts of the central
nucleon-nucleon forces which are of interest in our model, are expressed in
terms of the spin-isospin dependent components as
V eff (r) =
1∑
T=0
1∑
S=0
V STD(EX)(r)σ
S
A1
σSA2ITA1ITA2 , (3.3.43)
where σ0Ai = 1, σ
1
Ai
= σAi , I0Ai = 1, I1Ai = IAi are two-dimensional unit, spin
and isospin matrices.
The explicit radial dependences of the V STD(EX)(r) interaction are written as a
linear combination of the three-range Yukawa functions, for both the direct
and exchange parts;
V STD(EX)(r) =
3∑
n=1
vnD(EX)
[
exp
(
− r/Rn
)]
/(r/Rn)· (3.3.44)
The exchange part which represents the single knock-on exchange is given by
the zero-range interaction of the form
V STEX(r) = G0(1− E/A1)δ(r)· (3.3.45)
There are two parametrizations of the M3Y interaction, Paris and Reid which
are well known in the literature. The values of parameters, vnD(EX), G0 and Rn
are listed in chapter 4.
3.3.6 Double-Folded Model for Nuclear Cluster-Core
Potential
In the case of the cluster-core system, the double-folding model (DFM) in the
lowest approximation is expressed as a Hartree-Fock type potential [93–95],
U = UD + UEX
=
A1∑
i=1
A2∑
j=1
[
〈ϕA1 ⊗ φA2|Vij(D)|ϕA1 ⊗ φA2〉+ 〈ϕA1 ⊗ φA2|Vij(EX)|φA2 ⊗ ϕA1〉
]
·
(3.3.46)
V(D) and V(EX) are the two-body direct and exchange parts of the effective
interaction τij defined in equation 3.3.24 or the Gˆ-matrix such that
VD(EX) =
1
16
(
3V TE + 3V SE ± 9V TO ± V SO
)
(3.3.47)
Stellenbosch University  https://scholar.sun.ac.za
CHAPTER 3. NUCLEAR CLUSTER-CORE POTENTIAL 38
where the singlet and triplet even (V TE,V SE) and odd (V TO,V SO) components
are obtained either from 3.3.41 or 3.3.44. Note that the upper and lower parts
of the double-sign symbols correspond to the direct (D) and exchange (EX)
parts of the effective interaction, respectively.
The exchange part is included because of the single-nucleon knock-on exchange
due to the antisymmetry between cluster and core wave functions required by
the Pauli exclusion.
The cluster and core many-body wave function is expanded in single particle
state basis |r〉 = |x,nlmjmi〉, such that
|ϕA1〉 =
∫
dr1 · · · drA1ϕA1(r1 · · · rA1)|r1 · · · rA1〉
|φA2〉 =
∫
dr′1 · · · drA2φA2(r′1 · · · r′A2)|r′1 · · · r′A2〉
(3.3.48)
ϕA1(r1, · · · , rA1) and φA2(r′1, · · · , r′A2) are the antisymmetrized product of in-
dependent particle wave functions represented by the Slater determinant:
ϕA1(r1, · · · , rA1) =
1√
A1!
∑
P
(−1)P1
A1∏
i=1
ϕiP1 (ri)
φA2(r
′
1, · · · , r′A2) =
1√
A2!
∑
P
(−1)P2
A2∏
j=1
φjP2 (r
′
j)
(3.3.49)
The sum extends over all possible permutations with Pi being even or odd
with respect to the type of permutation.
The antisymmetrized matrix element of the cluster-core microscopic interac-
tion can be evaluated using these expansions as
U =
A1∑
i=1
A2∑
j=1
[∫ ∫
dr1dr
′
2ϕ
∗
i (r1)⊗ φ∗j(r′2)VD(r1, r′2)ϕi(r1)⊗ φj(r′2)+
∫ ∫
dr1dr
′
2ϕ
∗
i (r1)⊗ φ∗j(r′2)VEX(r1, r′2)ϕi(r′2)⊗ φj(r1)
]
(3.3.50)
The direct part of the Hartree-Fock type potential in equation 3.3.50 is reduced
to the double convolution integrals over nucleon densities of the interacting
dinuclear system and the effective nucleon-nucleon interaction [92, 93],
UD(r) =
∫ ∫
ρA1(r1)ρA2(r
′
2)VD(s)dr1dr
′
2· (3.3.51)
Here, r is the relative coordinate of the interacting nuclei between their centres
of mass. And s = r + r′2 − r1 is the relative coordinate between a nucleon
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𝑟1
𝑟2
′
𝑟
s
ρ1
ρ2
Core
Cluster
N
N
Figure 3.1: Cluster-Core coordinates used in the double folded model
at the spatial position r1 with respect to the centre of mass (c.m.) of nucleus
A1 and another nucleon at the spatial position r′1 with respect to the c.m. of
nucleus A2, figure 3.1 taken from ref. [63].
However, the exchange potential which, in principle non-local, is approxi-
mated by a local form in the same way as in [94, 95],
UEX(r) =
∫ ∫
ρA1(r1,+r1 + s)ρA2(r
′
2, r
′
2 − s)VEX(s)dr1dr′2
exp
[ik(r) · s
µ
]
·
(3.3.52)
Here
k2(r) =
2Mµ
h¯2
[
Ec −Re(U(r))− UC(r)
]
(3.3.53)
is the local momentum defining the relative motion of the cluster-core system.
Ec is the centre-of-mass energy, M, the nucleon mass while µ = A1A2/(A1+A2)
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is the reduced mass. And UC is the Coulomb interaction.
The mixed densities ρA1(r1, r1 + s) and ρA2(r′2, r′2− s) are approximated sim-
ilarly to ref. [94] with the local densities
ρA1(r1, r1 + s) ' ρA1
(
r1 +
s
2
)
jˆ1
(
KF1(r1 +
s
2
)s
)
ρA2(r
′
2, r
′
2 − s) ' ρA2
(
r′2 −
s
2
)
jˆ1
(
KF2(r
′
2 −
s
2
)s
) (3.3.54)
where jˆ1(x) = 3(sinx − x cosx)/x3. In the extended Thomas-Fermi approxi-
mation [93, 94], the effective Fermi momentum is given by
K2F (r) =
[(3pi2
2
ρ(r)
)2/3
+
5Cs|5ρ(r)|2
3ρ(r)2
+
552 ρ(r)
36ρ(r)
]
(3.3.55)
where Cs = 1/4.
In the case of a zero-range pseudo-interaction, the exchange potential is given
by
UEX(r) = G0(1− E/A2)
∫
ρA1(r1)ρA2(r
′
2)δ(s)dr1dr
′
2· (3.3.56)
The ground-state density distributions of the cluster and core are either Gaus-
sian for the alpha particle,
ρA(r) = 0.4299exp(−0.702r2) (3.3.57)
or the two-Fermi spherically symmetric form
ρA(r) =
ρ0
1 + exp
(
r−c
a
) (3.3.58)
for either the core or cluster heavier than alpha. c = 1.07A1/3 and a is the
diffuseness. ρ0 is fixed by normalizing the total density to the mass number A.
3.4 Microscopic Relativistic Nuclear Potential
Conventional wisdom suggests that for low-energy nuclear structure stud-
ies, relativistic effects are irrelevant. The fact that the largest kinetic en-
ergy of nucleons in the nucleus, being determined by the Fermi momentum
KF ≈ 1.4fm−1 is Tmax = h¯
2K2F
2M
≈ 38 MeV which yields a velocity v ≈ 0.29c,
thus relativistic kinematics will induce minor modifications as one would ex-
pect. Nevertheless, in the past decades, relativistic nuclear structure models
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have been proven to be significant for many reasons. The relativistic mean-
field theory succeeded in describing the single particle model of nuclei and give
a clear explanation of the spin-orbit interaction. The model of nucleons inter-
acting through meson fields is related to a more fundamental theoretical field
description of nuclear interactions. Relativistic Self-Consistent meson field the-
ory of spherical nuclei properties in ref. [96] in extent of the non-relativistic
case provides a good agreement between theoretical and experimental total
binding energies and radial charge distributions. The list is not exhaustive.
In the spirit of this section, we aim to construct, firstly, a consistent cluster-
core potential in the framework of the relativistic multiple scattering (RMS)
formalism as suggested in [80, 82], and in a self-consistent relativistic Hartree
approximation [96]. Secondly, investigate explicitly cluster aspects which are
obviously present at higher deformations as reported in [32]. Here nucleon
dynamics are described by the Dirac Hamiltonian with a two-body interaction
[96, 97],
Hˆ =
A∑
i=1
(
cαi · pi + βmNc2
)
+
A∑
i<j
VNN(ri − rj) (3.4.1)
where
αi =
(
0 σi
σi 0
)
, β =
(
12 0
0 −12
)
(3.4.2)
are Dirac matrices. Next, the relativistic multiple scattering is formulated in
the context of the relativistic meson exchange model.
3.4.1 Relativistic Multiple Scattering
We consider the interaction between an A1-nucleon core and an A2-nucleon
cluster to be mediated by mesons. In the nonrelativistic multiple scattering
(NRMS), we had the ability of separating the total Hamiltonian into an unper-
turbed Hamiltonian and residual interactions. However in the relativistic case,
this is not straightforward because one cannot separate the total Hamiltonian
defined in 3.4.1 as a sum of a Dirac Hamiltonian plus two-body interaction.
Thus, the derivation of a multiple scattering series is still a remote problem
for the field theoretical Lagrangian point of view. A RMS model for nucleon-
nucleus scattering have been developed by Maung et al.[80, 82] in the context
of boson exchange. We take the less ambitious route, but in the mould of
NRMS as formulated by Charles M.Werneth and Khin M. Maung in [98] and
assume that the relativistic cluster-core transition amplitude is described by
Bethe-Salpeter’s equation,
Tˆ = Kˆ + KˆGˆ0Tˆ (3.4.3)
where Gˆ0 represents the four-dimensional propagator for the cluster-core sys-
tem. In this equation, the kernel Kˆ represents a key component which acts
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realistically as two-body interaction, analogous to the nonrelativistic case.
Therefore, the kernel can be expressed as
Kˆ =
A1∑
i=1
A2∑
j=1
(
kij + Λij
)
(3.4.4)
where kij includes all the one-meson exchange diagrams. And the
Λij =
∑
ij
∑
m
R
(m)
iijj +
∑
ij
∑
m
R
(m)
iiijjj + · · · (3.4.5)
contains all multi-meson exchange terms between particles, as stated before.
We adopt a one-boson-exchange (OBE) model by dropping out the multi-
meson exchange terms Λij.
We then define the Kˆ-operator in terms of the driving term kij as
Kˆ =
A1∑
i=1
A2∑
j=1
kij· (3.4.6)
3.4.2 Relativistic Optical Potential
Having defined our kernel, we then proceed by rewriting the Bethe-Salpeter
equation for the transition operator Tˆ as coupled equations between the elastic
scattering and the defining optical potential, exactly like the nonrelativistic
scheme given in equation 3.3.16. To this end we define the cluster-core ground
state P and excited states Q projectors,
Pˆ =
∣∣∣φA10 ⊗ φA20 〉〈φA10 ⊗ φA20 ∣∣∣, Qˆ = ∑
n6=0
∣∣∣φA1n ⊗ φA2n 〉〈φA1n ⊗ φA2n ∣∣∣ (3.4.7)
where
Pˆ + Qˆ = 1· (3.4.8)
From the procedure analogous to that developed in chapter 3 for the nonrela-
tivistic case we obtain, the optical potential in a coupled equation
Tˆ = Uˆ + Uˆ Pˆ Gˆ0Pˆ Tˆ (3.4.9)
and
Uˆ = Kˆ + KˆQˆGˆ0QˆUˆ · (3.4.10)
We then write the relativistic multiple scattering series for the optical poten-
tial,
Uˆ =
A1∑
i=1
A2∑
j=1
kij +
A1∑
i=1
A2∑
j=1
kijQˆGˆ0QˆUˆ · (3.4.11)
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We are at the stage of defining the pseudo relativistic two-body operator known
as a two-body τ -matrix in NRMS.
τ˜ij = kij + kijQˆGˆ0Qˆτ˜ij· (3.4.12)
The relativistic multiple scattering series of the optical potential then becomes,
Uˆ =
A1∑
i=1
A2∑
j=1
τ˜ij +
A1∑
i=1
A2∑
j=1
τ˜ij
A1∑
l 6=i
A2∑
m6=j
QˆGˆ0QˆUlm· (3.4.13)
The evaluation of the operator τ˜ij defined in equation 3.4.12 is a very difficult
task to perform. It contains in its kernel and propagator the effects of many-
body interaction. One needs to approximate it with a free two-body amplitude
(impulse approximation). This is a requirement since we have to assume that
nucleons move independently in the nucleus and have enough momenta in such
that they are not deflected and the scattering is nearly elastic. In this way,
the free two-body amplitude has to be parametrized from the nucleon-nucleon
experimental data (phase shifts), and corrections to medium effects have to be
incorporated, as we shall see. Thus, the free nucleon-nucleon amplitude called
t˜-matrix is given by
t˜freeij = kij + kij gˆt˜
free
ij (3.4.14)
where gˆ is the free two-body propagator and kij retains the same definition of
OBE diagrams as previously. We may express τ˜ in terms of t˜free and get
τ˜ij = t˜
free
ij + t˜
free
ij
(
QˆGˆ0Qˆ− gˆ
)
τ˜ij· (3.4.15)
Inserting the two-body pseudo-operator τ˜ij in equation 3.4.15 into 3.4.10, yields
the optical potential
Uˆ =
A1∑
i=1
A2∑
j=1
t˜freeij +
A1∑
i=1
A2∑
j=1
t˜freeij
(
QˆGˆ0Qˆ
) A1∑
l=1
A2∑
m=1
t˜freelm + · · · (3.4.16)
The firts term is the single scattering between a nucleon in the cluster and
a nucleon in the core. The remaining terms are double scattering of excited
states and higher orders obtained through iteration which are neglected.
3.4.3 Relativistic Nucleon-Nucleon Amplitudes
The aim of this section is to express the general form of the relativistic τ˜ -matrix
described in equation 3.4.15, consistent with rotational, parity, time-reversal
an charge symmetry invariance for nucleon-nucleon elastic scattering which
require 44 on-mass shell independent terms out of 256 for each isospin state.
Only five of the 44 independent needed on-mass shell terms are determined
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directly from phase shift analysis of nucleon-nucleon scattering data and thus
the others must be predicted from a theoretical model [99–101].
The most general form of the Lorentz invariant nucleon-nucleon local ampli-
tude that had been commonly used in nucleon-nucleus scattering, the so-called
relativistic impulse approximation [60, 102], is given by
τ˜NN(Ec, |q|) ≡ −4ipikc
M
FˆNN(Ec, |q|) (3.4.17)
where
FˆNN(Ec, |q|) =
T∑
L=S
FL(Ec, |q|)λL(1) ⊗ λ(2)L· (3.4.18)
The L′s labelled the Dirac matrices outlined in table 3.1, while the subscript
(1) and (2) refer to the cluster and core nucleons.
Table 3.1: gamma matrices of the Dirac space
FˆNN(Ec, |q|) =
∑
L
FL(Ec, |q|)λL(1) ⊗ λ(2)L
L λL
S (scalar) 1
V (vector) γµ
P (pseudoscalar) γ5
A (Axial − vector) γ5γµ
T (tensor) σµν
Clearly, the mapping between the τ operator in Pauli spinor space, namely
McNeil-Ray-Wallace (MRW) representation [102], the well known Wolfstein
representation and the τ˜ operator in the Dirac spinor space yileds the relation,
χ†s′1 ⊗ χ
†
s′2
τNN(Ec, |q|)χs1 ⊗ χs2 = U¯(k′c, s′1)⊗ U¯(−k′c, s′2)×
τ˜NN(Ec, |q|)U(kc, s1)⊗ U(−kc, s2)
(3.4.19)
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where χ′s are different spin orientations of the Pauli spinor
τNN(|q|) = (2ikc)−1fNN(|q|)
= A(11 ⊗ 12) +B(σ1 ⊗ 12) · (11 ⊗ σ2) + E(σ1 ⊗ 12) · zˆ(11 ⊗ σ2) · zˆ
+ i|q|C(σ1 ⊗ 12 + 11 ⊗ σ2) · nˆ+ |q|2D(σ1 ⊗ 12) · qˆ(11 ⊗ σ2) · qˆ·
(3.4.20)
The orthonormal directions qˆ, zˆ and nˆ are defined in terms of initial and final
centre of mass momenta , kc and k′c of a nucleons,
qˆ =
k′c − kc
|kc − kc| ,
zˆ =
kc + kc
|kc + kc|
(3.4.21)
and
nˆ =
k′c × kc
|k′c × kc|
· (3.4.22)
The amplitudes A, B, C, D and E are each complex functions of the three
momenta transfer |q|= |k′c − kc| and the collisional energy Ec =
√|kc|2+M2.
These coefficients are calculated from nucleon-nucleon phase shift analyses
[102].
It is well known that the nucleon-nucleon interaction is charge independent,
i.e. isoscalar (isospin invariant). We require the τ -operator to be isospin
dependent constructed out of isospin operators I1 and I2. Then it follows the
substitution of isospin dependence of amplitudes,
A = A0 + A1I1 · I2, B = B0 +B1I1 · I2, · · · (3.4.23)
The U ′s are the free-particle four-component positive-energy of the Dirac
spinor, normalized such that U¯U=1;
U¯(kc, s) = U
†(kc, s)γ0, γ0 =
1 0
0 −1
 , (3.4.24)
U(kc, s) =M(kc, s)
(
χs
0
)
(3.4.25)
and
M(kc, s) =
[
Ec +M
2M
]1/2
1 σ·kc
Ec+M
σ·kc
Ec+M
1
 · (3.4.26)
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With this choice of the amplitudes FL′s, we are allowed to write the right hand
side of equation 3.4.19 as a sum of five terms:
χ†s′1 ⊗ χ
†
s′2
τNN(Ec, |q|)χs1 ⊗ χs2 =∑
L
FL(Ec, |q|)
(
U¯s′1λ
L
(1)Us1
)
⊗
(
U¯s′2λ(2)LUs2
)
·
(3.4.27)
In this way, the amplitudes
{
F S, F V , F P , FA, F T
}
are expressed as linear
combinations of the Wolfenstein amplitudes {A,B,C,D,E} or vice versa. We
conclude that there is a non-singular 5×5 matrix, O(Ec, |kc|, |q|) which trans-
forms the Wolfenstein amplitudes (centre-of-mass) into invariants FL [102],

A
B
C
D
E
 =
 O(Ec, |kc|, |q|)


F S
F V
F T
F P
FA
 · (3.4.28)
In the original RIA, the interaction is considered to be between free nucle-
ons. This will be valid for intermediate and higher energies. For the sake of a
successful relativistic cluster-core potential, we will propose a model of inter-
action applied over a wide range of energies. We have to emphasize that the
parametrization addressed above, (MRW ) does not include the non-localities
due to exchange behaviour in the nuclear medium. The following section will
be devoted to the analyses of these shortcomings.
It has been realized that the exchange effects induced by non-localities are pre-
dominant at lower energies. In contrast to the original Relativistic Impulse Ap-
proximation (RIA) introduced before, an alternative invariant nucleon-nucleon
τ˜ -operator, based on the relativistic meson-exchange diagrams referred to as
the Relativistic, Love, Franey (RLF) model [59, 60] has been proposed. This
parametrization contains a complex phenomenological coupling constant with
pvpiN coupling, including direct and exchange terms explicitly which may be
worth sketching in figure 3.2. The attempt to parametrize in terms of one-
meson-exchange of various Lorentz types (S, V, P, A, T) and isospins is to
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1
𝑞2 +𝑚𝑖
2
𝑞 𝑄
1
𝑄2 +𝑚𝑖
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−𝑘𝑐
′ −𝑘𝑐
′
−𝑘𝑐𝑘𝑐
Figure 3.2: Relativistic direct and exchange one-meson diagrams for the Love-
Franey model.
write down the right hand side of equation 3.4.27 as
∑
L
FL(Ec, |q|)
(
U¯s′1λ
L
(1)Us1
)
⊗
(
U¯s′2λ(2)LUs2
)
=
∑
L
FLD(Ec, |q|)
(
U¯s′1λ
L
(1)Us1
)
⊗
(
U¯s′2λ(2)LUs2
)
+
∑
L
FLEX(Ec, |q|)
(
U¯s′2λ(2)LUs1
)
⊗
(
U¯s′1λ
L
(1)Us2
) (3.4.29)
where FLD and FLEX are direct and exchange nucleon-nucleon one-meson-exchange
terms.
The exchange matrix element in equation 3.4.29 is transformed following the
Fiertz transformation [59, 60],
FLEX(Ec, |q|)
(
U¯s′2λ(2)LUs1
)
⊗
(
U¯s′1λ
L
(1)Us2
)
=
∑
L′
FL
′
EX(Ec, |q|)×
CLL′
(
U¯s′1λ
L′
(1)Us1
)
⊗
(
U¯s′2λ(2)L′Us2
)
·
(3.4.30)
Using this equation, we obtain the L’s type amplitude from equation 3.4.29,
FL(Ec, |q|) = FLD(Ec, |q|) +
∑
L′
CLL′F
L
EX(Ec, |Q|) (3.4.31)
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where CLL′ is a 5×5 Fiertz’s matrix ,
CLL′ =
1
8

2 2 1 −2 2
8 −4 0 −4 −8
24 0 −4 0 24
−8 −4 0 −4 8
2 −2 1 2 2
 (3.4.32)
with rows and columns labelled in the order (S, V, T, A, P).
Next we would like to give an explicit form of the direct and the exchange
terms, FLD and FLEX involved in the total amplitude FL(Ecm, |q|).
In the nonrelativistic limit of the free spinors, the mesons have a propagator
of the form,
1
|q|2+m2 · (3.4.33)
For the meson-nucleon vertices, the form factors are of the form(
1 +
|q|2
Λ2
)−1
· (3.4.34)
Finally, using the Feynmann rules within the diagrams given in figure 3.2, the
nucleon-nucleon-meson vertex factor is assumed to be
gi
(
1 +
|q|2
Λ2
)−1
λL(i)(I)Ti· (3.4.35)
This takes into account the isospin states of the two nucleons system (I = 0, 1).
Here L(i) stands for the Lorentz type of the ith meson (S, V, P, A, T) and
Ti= (0, 1) is the meson’s isospin.
Thus the contribution of the meson i to the amplitude F i up to an overall
kinetic factor will read
(U¯s′1 ⊗ U¯s′2)F i(Us1 ⊗ Us2) ∝
g2i
m2i + q
2
(
1 +
q2
∆2i
)−2
(U¯s′1λ
L(i)
(1) Us1)⊗ (U¯s′2λ(2)L(i)Us2){I1 · I2}Ti+
(−1)I g
2
i
m2i +Q
2
(
1 +
Q2
∆2i
)−2∑
L′
CL(i),L′(U¯s′1λ
L′
(1)Us1)⊗ (U¯s′2λ(2)L′Us2)
× {I1 · I2}Ti
(3.4.36)
Following the ansatz described in [59], the amplitude FL is expressed as
FL = i
M2
2kcEc
[
FLD(q) + F
L
EX(Q)
]
; (3.4.37)
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where q = |q| and Q = |Q| are the direct and exchange momenta transfer in
the centre of mass for the scattering angle θc
q = 2kc sin
(θc
2
)
, Q = 2kc sin
(
pi − θc
2
)
· (3.4.38)
The direct and exchange terms, FLD and FLEX are given by
FLD(q) =
N∑
i=1
δL,L(i){I1 · I2}Tif i(q) (3.4.39)
and
FLEX(Q) = (−1)I
N∑
i=1
CL(i),L{I1 · I2}Tif i(Q)· (3.4.40)
In these cases N represents the number of mesons used in the fit, and I is the
nucleon-nucleon total isospin.
The Lorentz invariants amplitudes for pp, nn, pn and np are:
Fi(pp) ≡ Fi(nn) = Fi(I = 1)
Fi(pn) ≡ Fi(np) = 1
2
[
Fi(I = 1) + Fi(I = 0)
] (3.4.41)
The contribution to amplitudes brought by {I1·I2}Ti for each nucleon-nucleon
isospin is:
for I = 0
{I1 · I2}Ti =

1 for the exchange of Ti = 0 (isoscalar) mesons
−3 for the exchange of Ti = 1 (isoscalar) mesons

(3.4.42)
and for I = 1
{I1 · I2}Ti =

1 for the exchange of Ti = 0 (isoscalar) mesons
1 for the exchange of Ti = 1 (isoscalar) mesons
 ·
(3.4.43)
The function f i(q)′s or f i(Q)′s are written as a sum of real and imaginary
terms,
f i(q) = f iR(q)− if iI(q), f i(Q) = f iR(Q)− if iI(Q) (3.4.44)
f iR(q) =
g2i
q2 +m2i
(
1 +
q2
2Λ2i
)−2
, f iR(Q) =
g2i
Q2 +m2i
(
1 +
Q2
2Λ2i
)−2
(3.4.45)
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f iI(q) =
g¯2i
q2 + m¯2i
(
1 +
q2
2Λ¯2i
)−2
, f iI(Q) =
g¯2i
Q2 + m¯2i
(
1 +
Q2
2Λ¯2i
)−2
· (3.4.46)
The real and imaginary meson masses mi, m¯i, coupling constants g2i , g¯2i and
cut-off parameters Λi, Λ¯i are calculated from fitting methods [59, 60].
Furthermore, we require a set of new (RLF) parameters consistent with the
one-meson exchange model for the lower energies [103]. This will include the
energy-dependent Maxwell parametrization [104].
3.4.4 Effective Nucleon and Meson Masses
In the Relativistic Mean Field Theory (RMFT) of the Walecka model [105],
the mass of a nucleon embedded in the nucleus differs from its mass in free
space. This yields the concept of effective masses for both cluster and core
nucleons, M∗1 and M∗2 respectively. These effective masses arise from the in-
teractions of nucleons with the surrounding nucleons in the nuclear medium.
This interaction is through an attractive scalar potential S. However from the
RMFT, the effective nucleon mass is related to its free mass by
M∗ = M + 〈S〉, (3.4.47)
where 〈S〉 is the mean value of scalar field experienced by either a nucleon in
the cluster or in the core as it propagates through the nuclear medium.
In our cluster model, we will use the scaling law developed by Brown et al
[106]. The inclusion of medium effects to the nucleon-nucleon interaction is
done by replacing the free nucleon and real meson masses along with meson
coupling constants by their respective medium modified values according to
M∗
M
=
m∗σ
mσ
=
m∗ρ
mρ
=
m∗ω
mω
= · · · = ξ (3.4.48)
and
g∗σNN
gσNN
=
g∗ωNN
gωNN
= χ· (3.4.49)
The approximative values of ξ and χ are taken from [107], which are 0.70 and
0.75, respectively.
3.4.5 Construction of the Potential
Throughout this thesis, we have adopted the first order potential in agreement
with the single scattering approximation. The relativistic cluster-core potential
is evaluated starting from equation 3.4.15. This is constructed by taking the
dual ground state expectation value of τ˜ between the initial and final internal
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wave function of the cluster and core. We make an assumption that the cluster
and core nucleons are identical particles so that
Uˆ = A1A2
〈
φ¯A10 ⊗ φ¯A20
∣∣∣τ˜ ∣∣∣φA10 ⊗ φA20 〉 (3.4.50)
where the operator τ˜ is any one of the τ˜ij parametrized either by the RIA,
equations 3.4.18 or the RLF models 3.4.31. Basically, our model requires the
Love-Franey amplitude discribed above. Since the model contains both direct
and exchange parts, the cluster-core potential is the sum of the direct term
which looks like
UˆD = A1A2
〈
φ¯A10 ⊗ φ¯A20
∣∣∣τ˜D∣∣∣φA10 ⊗ φA20 〉 (3.4.51)
and the exchange term, which is the antisymmetrized matrix element
UˆEX = A1A2
〈
φ¯A10 ⊗ φ¯A20
∣∣∣τ˜EX∣∣∣φA20 ⊗ φA10 〉· (3.4.52)
However, compared with the non-relativistic double folded potential described
in chapter 3, here more details should be given when deriving the relativistic
nucleus-nucleus potential and yet the principle remains similar.
Hence, to this end, the relativistic ground state vector
∣∣∣φA0 〉 can be expanded in
terms of the basis vectors formed from the eigenstate of an individual particle.
This is constructed out of the direct product basis, |r1, · · · , rA〉 = |r1〉 ⊗ · · · ⊗
|rA〉; ∣∣∣φA0 〉 = ∫ dr1 · · · ∫ drA|r1; · · · ; rA〉〈r1; · · · ; rA|φA0 〉· (3.4.53)
Here |r〉 ≡ |x, α〉, where α is a set of quantum numbers characterizing a Dirac
single particle orbital such that
α =
{
n, l, j,mj,mI
}
(3.4.54)
with n (radial), l (orbital angular momentum), j (total angular momentum),
mj (z component of the total angular momentum), andmI (isospin projection).
The wave function 〈r1, · · · , rA|φA0 〉 is taken to be a relativistic antisymmetrized
nuclear wave function in the independent particle model and it is represented
by a Slater determinant
〈r1, · · · , rA|φA0 〉 = ΦA0 (r1 · · · rA)
=
1√
A!
∑
P
(−1)P
A∏
i
ψαi(rPi)
(3.4.55)
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where P summes over all permutations. And
ψα(r) = i

GnljmI(r)
−iσ · rˆFnljmI(r)
Ymjlj (rˆ) (3.4.56)
is a four-component single particle orbital solution of the Dirac equation with
scalar and vector potentials as we shall see later.
If we make use of the completeness relation defined in equation 3.4.53, the
cluster-core direct potential, which is defined in equation 3.4.51, becomes,
UˆD = A1A2
∫
dr1 · · ·
∫
drA1
∫
dr1′ · · ·
∫
drA′1
∫
dr′1..
∫
dr′A2
∫
dr′1′ · · ·
∫
dr′A′2〈
φ¯A10
∣∣∣r1 · · · rA1〉⊗ 〈φ¯A20 ∣∣∣r′1 · · · r′A2〉〈
r1 · · · rA1 ⊗ r′1 · · · r′1
∣∣∣τ˜D∣∣∣r1′ · · · rA′1 ⊗ r′1′ · · · r′A′2〉〈
r1′ · · · rA′1
∣∣∣φA10 〉⊗ 〈r′1′ · · · r′A′2∣∣∣φA20 〉
(3.4.57)
We use the orthonormality condition to write the matrix elements representa-
tion of the operator τ˜ ,〈
r1 · · · rA1 ⊗ r′1 · · · r′1
∣∣∣τ˜ ∣∣∣r1′ · · · rA′1 ⊗ r′1′ · · · r′A′2〉 =
τ˜D(r1, r
′
1)δ(r1 − r1′) · · · δ(rA1 − rA′1)⊗
δ(r′1 − r′1′) · · · δ(r′A2 − r′A′2)·
(3.4.58)
Hence, the equation 3.4.57 becomes
UˆD = A1A2
∫
dr1 · · ·
∫
drA1
∫
dr′1 · · ·
∫
dr′A2×
Φ¯A1(r1 · · · rA1)⊗ Φ¯A2(r′1 · · · r′A2)τ˜D(r1, r′1)×
ΦA1(r1 · · · rA1)⊗ ΦA2(r′1 · · · r′A2)·
(3.4.59)
Substituting either the direct part of the RLF amplitude or the RIA, equation
3.4.59 becomes
UˆD = A1A2
∫
dr1 · · ·
∫
drA1
∫
dr′1 · · ·
∫
dr′A2×
Φ¯A1(r1 · · · rA1)⊗ Φ¯A2(r′1 · · · r′A2)
(
T∑
L=S
T LD (r1, r′1)λL(1) ⊗ λ(2)L
)
×
ΦA1(r1 · · · rA1)⊗ ΦA2(r′1 · · · r′A2)·
(3.4.60)
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And using the identity (A⊗B)(C ⊗D) = (AC)⊗ (BD), we obtain
UˆD = A1A2
∫
dr1 · · ·
∫
drA1
∫
dr′1 · · ·
∫
dr′A2
T∑
L=S
T LD (r1, r′1)×[
Φ¯A1(r1 · · · rA1)λL(1)ΦA1(r1 · · · rA1)
]
⊗
[
Φ¯A2(r′1 · · · r′A2)λ(2)LΦA2(r′1 · · · r′A2)
]
(3.4.61)
We therefore insert the antisymmetrized nuclear wave function defined in equa-
tion 3.4.55 into 3.4.61, to obtain the direct double folded potential similar to
the nonrelativistic case
UD(r) = A1A2
∑
L
∫ ∫
τLD(s)
(
A1∑
i=1
(A1 − 1)!
A1!
ψ¯αi(r1)λ
L
(1)ψαi(r1)
)
⊗(
A2∑
j=1
(A2 − 1)!
A2!
ψ¯βj(r
′
2)λ(2)Lψβj(r
′
2)
)
dr1dr
′
2
=
∑
L
∫ ∫
T LD (s)ρL(1)(r1)⊗ ρ(2)L(r′2)dr1dr′2,
(3.4.62)
where s = r − r1 + r′2.
The densities ρL(r1) ∝ ψ¯αi(r1)λL(1)ψαi(r1) are complex numbers, so one may
write
UD(r) =
∑
L
ULD(r) (3.4.63)
where,
ULD(r) =
∫ ∫
T LD (s)ρL(1)(r1)ρ(2)L(r′2)dr1dr′2· (3.4.64)
For the exchange term, we apply to the antisymmetrized matrix element of
equation 3.4.52 the same closure relation as done before with the direct term.
We end up with the non-local term,
UEX(r) =
∑
L
∫ ∫
T LEX(s)
(
A1∑
i=1
ψ¯αi(r1)λ
L
(1)ψαi(r
′
2)
)
⊗(
A2∑
j=1
ψ¯βj(r
′
2)λ(2)Lψβj(r1)
)
dr1dr
′
2
=
∑
L
∫ ∫
T LEX(s)ρL(1)(r1, r′2)ρ(2)L(r′2, r1)dr1dr′2·
(3.4.65)
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This exchange term which has a form T LEX(s)ρL(1)(r1, r′2)ρ(2)L(r′2, r1) has to
be approximated with a suitable local potential form. In essence, the local
potential had been achieved by using a plane wave approximation method of
refs. [83, 93, 95, 108] in the nonrelativistic case. a similar approach can be
applied to the relativistic cluster-core potential of interest which results to
UEX(r) =
∑
L
∫ ∫
T LEX(s)ρL(1)(r1, r1 + s)ρ(2)L(r′2, r′2 − s)
Exp
(iK(r) · s
µ
)
dr1dr
′
2
(3.4.66)
where K(r) is the local wave number that has to be approximated into the
momentum P, calculated in the centre of mass system rather than taking the
calculated value at the midpoint between r1 and r′1, i.e. at R = (r1 + r′2)/2
as in the non-relativistic case.
The remaining thing to do is to find a local relativistic nuclear matter approx-
imation for the mixed densities ρL(r1, r1 + s). We have to choose the realistic
local expression for the density matrix suggested by [95] which is equivalent
to its relativistic counterpart,
ρL(1)(r1, r1 + s) ' ρL(1)
(
r1 +
s
2
)
jˆ1
(
KF1(r1 +
s
2
)s
)
ρ2L(r
′
2, r
′
2 − s) ' ρ(2)L
(
r′2 −
s
2
)
jˆ1
(
KF2(r
′
2 −
s
2
)s
) (3.4.67)
where jˆ1(x) = 3(sinx − x cosx)/x3. The Fermi momentum KF is related to
the diagonal element of the baryon density ρB(r) in the Slater approximation
for the infinite nuclear matter [94, 95], by
K2F (r) =
[3pi2
2
ρB(r)
]2/3
· (3.4.68)
However, it should be noted that in the extended Thomas-Fermi approximation
[94], we have
K2eff (r) =
[(3pi2
2
ρB(r
)2/3
+
5Cs|5ρB(r)|2
3(ρB(r))2
+
552 ρB(r)
36ρB(r)
]
· (3.4.69)
An appropriate coordinates transformationalong with the local approximation
defined above in equation 3.4.67 will allow us to write the exchange potential
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as
UEX(r) =
∑
L
∫ ∫
T LEX(s)ρL(1)(r)jˆ1(KF1(r)s)ρ(2)L(r − r′)jˆ1(KF2(r − r′)s)
Exp
(iK(r) · s
µ
)
dsdr′
=
∑
L
∫ ∫
T LEX(s)ρL(1)(r′)jˆ1(KF1(r′)s)ρ(2)L(r′ − r)jˆ1(KF2(r′ − r)s)×
j0
(K(r)s
µ
)
dsdr′·
(3.4.70)
Finally, by taking into account the isospin dependence of the system, the
coordinate space position of the cluster-core potential is calculated from
U(r) =
∑
L
(
ULD(r) + U
L
EX(r)
)
=
∑
i=n1,p1
∑
j=n2,p2
∑
L
∫ ∫
T LD,ij(s)ρL(i)(r1)ρ(j)L(r′2)dr1dr′2+
∑
i=n1,p1
∑
j=n2,p2
∑
L,L′
∫ ∫
T L′EX,ij(s)CL′,LhLi (r, s)h(j)L(r′ − r, s)×
j0
(K(r)s
µ
)
dsdr′
(3.4.71)
with
T LD,(EX)(s) = −i
4piPc
µc2
( iM2c4
2EcPcc
)∫ ∞
0
d3q
(2pi)3
eiq·sFLD(EX)(q), (3.4.72)
hLi (r, s) = ρ
L
(i)(r)jˆ1(KFi(r)s) (3.4.73)
and
h(j)L(r − r′, s) = ρ(j)L(r − r′)jˆ1(KFj(r − r′)s)· (3.4.74)
µ,M and P are the reduced mass, nucleon masses and the cluster’s momentum
calculated in the centre of mass of the system.
In the last step of equation 3.4.71, we have used the Fierz transformation.
We follow the kinematics described in [60]. Here we have a single composite
particle cluster instead of a proton. This is an intuitive way we have taken in
order to adjust the depth of the potential.
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3.5 Relativistic Nuclear Densities
In order to construct the cluster-core potential, nuclear densities calculated
from relativistic quantum field theory are needed. The model is based on the
Relativistic Mean Field Theory (RMFT) developped by Walecka [105], the so-
called QHD-I model, the extended QHD-II introduced by Serot [109–112], and
other extensions such as NL3 [113] and FSU [114–116]. These models provide
a very successful tool for a covariant description of nuclear matter. The theory
is able to give a quantitative description of ground-state properties for spher-
ical and deformed nuclei.
3.5.1 Relativistic Mean Field Theory
The relativistic nuclear many-body problem is studied using quantum hadro-
dynamics in the framework of quantum field theory. A particular renormal-
izable Lagrangian density has to be considered in order to include medium
effects in more fundamental way. This means, imposing constraints that en-
sure a well-defined computational and the dynamics procedure to all orders in
the coupling strengths and meson masses.
The starting point is the Lagrangian density where nucleons are described
as Dirac particles which interact via the exchange of various mesons. It is
expressed as a sum of non-interacting and interacting terms such that
L = L0 + Lint· (3.5.1)
The Lagrangian density L0, describing particles in free space, is given by
L0 = Ψ¯
(
iγµ∂
µ −M
)
Ψ +
1
2
(
∂µφ∂
µφ−m2sφ2
)
− 1
4
VµνV
µν +
1
2
m2vVµV
µ
− 1
4
bµν · bµν + 1
2
m2ρbµ · bµ −
1
4
FµνF
µν ·
(3.5.2)
Here Ψ is the isodoublet-nucleon field. φ, Vµ and bµ represent the isoscalar-
scalar σ-meson, isoscalar-vector ω-meson, and isovector-vector ρ-meson fields
respectively. The parameters M , ms, mv and mρ are the baryon, neutral
scalar, neutral and charged vector meson masses respectively. The following
terms
Vµν = ∂µVν − ∂νVµ
bµν = ∂µbν − ∂νbµ
Fµν = ∂µAν − ∂νAµ·
(3.5.3)
are neutral, charged vector meson and photon field tensors. Aµ is the massless
photon field.
We have to specify that neutrons and protons interact identically with isoscalar
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mesons but differently with isovector mesons.
The effective interaction among particles is given by
Lint = Ψ¯
[
gsφ−
(
gvV
µ +
1
2
gρI · bµ + e1 + I3
2
Aµ
)]
Ψ− Ueff (φ, Vµ, bµ)·
(3.5.4)
gs, gv, gρ and e2/(4pi) are scalar, vector, charged vector and photon coupling
constants.
Ueff (φ, Vµ, bµ) defines the nonlinear σ-meson self-interaction, σ− ρ and ω− ρ
couplings,
Ueff (φ, Vµ, bµ) =
κ
3!
(gsφ)
3 +
λ
4!
(gsφ)
4 − ζ
4!
g4v(VµV
µ)2 − ξ
4!
g4ρ(bµ · bµ)2
− g2ρ(bµ · bµ)2
[
Λ4g
2
sφ
2 + Λvg
2
vVµV
µ
]
·
(3.5.5)
For simplicity, we set ξ and Λ4 to 0 in all parameters in the Lagrangian density.
3.5.2 Dirac-Hartree Approximation
In principle, the full quantum field theory is highly complex, and practically a
convenient approximate starting point is needed. This results in the mean-field
theory that has to be solved consistently. In such an approach, all quantum
fluctuations are neglected and the meson fields are replaced by constant classi-
cal fields while those for baryons are quantized. We restrict ourselves to static,
spherically symmetric nuclei with total angular momentum zero where the me-
son fields are radial dependent. Only the V0(r), b0(r) and A0(r) components of
the vector, charged vector and photon fields contribute as a result of current
conservation. Therefore, in the mean-field approximation,
φ(x)→ 〈φ(x)〉 = φ0(r)
V µ(x)→ 〈V µ(x)〉 = V0(r)
bµ(x)→ 〈bµ(x)〉 = b0(r)
Aµ(x)→ 〈Aµ(x)〉 = A0(r)·
(3.5.6)
The mean-field equations are deduced from the Euler-Lagrange equation,
∂µ
∂L
∂
(
∂µq
) − ∂L
∂q
= 0 (3.5.7)
which yields the Dirac equation for the baryon field{
iγµ∂
µ − V (r)−
(
M − gsφ(r)
)}
Ψ(x) = 0· (3.5.8)
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With the vector potential, V(r) given by
V (r) = γ0
(
gvV0(r) +
1
2
I3b0(r) + e1
2
(1 + I3)A0(r)
)
· (3.5.9)
The inhomogeneous part of the Klein-Gordon equation for meson fields are( d2
dr2
+
2
r
d
dr
−m2i − ∂iUeff (φ0, V0, b0)
)
U(r) = −S(r)· (3.5.10)
where mi = ms,mv,mρ, U(r) = (φ0(r), V0(r), b0(r)) and the source term is
expressed as
S(r) =

gsρs(r) for the σ-filed ,
gvρv(r) for the V-field ,
gρρ3 for the ρ-field,
eρp(r) for the Coulomb-field.
(3.5.11)
The baryon field is an operator (quantized field) though, nevertheless one may
seek normal-mode solutions for the linear equation 3.5.8 of the form
Ψ(x) = Ψ(x) exp(−iEt). This leads to the eigenvalue problem
hˆΨ(x) ≡
{
− iα ·∇+ V (r) + β
[
M − gsφ(r)
]}
Ψ(x) = EΨ(x) (3.5.12)
where hˆ is the single-particle Dirac Hamiltonian. The eigenvalue equation
3.5.12 above has both positive- and negative-energy solutions ψα(x)±. The
eigenfunction Ψ(x) can be expanded as
Ψ(x) =
∑
α
[
Aαψ
+
α (x) +B
†
αψ
−
α (x)
]
· (3.5.13)
Here Aα and B†α are baryon and antibaryon annihilation and creation opera-
tors obeying the standard anticommutation relations. So the positive-energy
spinors take the form given in 3.4.56
ψα(r) = i

GnljmI(r)
−iσ · rˆFnljmI(r)
Ymjlj (rˆ) (3.5.14)
where the angular eigenfunctions of good quantum number related to the quan-
tum number k is given by
j = |k|−1
2
, l =
{
k if k > 0
−(k + 1) if k < 0 (3.5.15)
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are built up of the spherical harmonics, Ymjlj (rˆ), Pauli spinors, χms , and
Clebesch-Gordon coefficients [117]
Ymjlj (rˆ) =
∑
ml,ms
〈lml 1
2
ms|jmj〉Ylml(rˆ)χms· (3.5.16)
The sums over ms range from −12 to +12 and the sums over ml range from −l
to +l. We take mI = 12 for the protons and mI = −12 for the neutrons.
The normalization which defines the probability of finding each single particle
(matter) somewhere in space is given by∫ ∞
0
r2dr
(
|GnljmI(r)|2+|FnljmI(r)|2
)
= 1· (3.5.17)
It follows the normalization of spin spherical harmonics,
j∑
mj=−j
Ymjlj (rˆ)Ymjlj (rˆ)† =
j + 1
2
4pi
12· (3.5.18)
For a closed-shell nucleus with each of 2j + 1 occupied magnetic substates,
three non-vanishing ground state densities are found out of five which are
scalar, vector (matter), tensor, axial-vector and pseudoscalar. We have the
vector (baryon) and scalar densities given byρv(r)
ρs(r)
 = ∑
njlmI
j∑
mj=−j
ψ¯njlmjmI(r)
γ0
14
ψnjlmjmI(r) (3.5.19)
and the tensor density
ρ0iT (r) =
∑
njlmI
j∑
mj=−j
ψ¯njlmjmI(r)σ
0iψnjlmjmI(r)· (3.5.20)
Finally we obtain the radial dependent scalar, vector and tensor densities for
each isospin state mI = ±12
ρs(r) =
∑
njl
2j + 1
4pi
[
G2njlmI(r)− F 2njlmI(r)
]
, (3.5.21)
ρv(r) =
∑
njl
2j + 1
4pi
[
G2njlmI(r) + F
2
njlmI(r)
]
, (3.5.22)
ρT (r) = 2
∑
njl
2j + 1
4pi
[
GnjlmI(r)FnjlmI(r)
]
(3.5.23)
Stellenbosch University  https://scholar.sun.ac.za
CHAPTER 3. NUCLEAR CLUSTER-CORE POTENTIAL 60
where we have used the relation 3.5.18. The radial functions GnjlmI(r) and
FnjlmI(r) are bound state solutions of the Dirac equation. It follows after
substitution of 3.5.14 into equation 3.5.12, that
d
dr
Ga(r) +
k
r
Ga(r)−
[
Ea − V (r) +M − gsφ(r)
]
Fa(r) = 0 (3.5.24)
d
dr
Fa(r)− k
r
Fa(r) +
[
Ea − V (r)−M + gsφ(r)
]
Ga(r) = 0· (3.5.25)
a denotes a set of quantum numbers, {a} = {n, j, l,mI}.
The time-independent spherically-symmetric fields φ0(r), V0(r), b0(r) andA0(r)
obey the Klein-Gordon nonlinear equations
d2
dr2
φ0(r) +
2
r
d
dr
φ0(r)−m2sφ0(r)− ∂φ0Ueff (φ0, V0, b0)
)
= −gsρs(r) (3.5.26)
d2
dr2
V0(r) +
2
r
d
dr
V0(r)−m2vV0(r) + ∂V0Ueff (φ0, V0, b0)
)
= −gvρv(r) (3.5.27)
d2
dr2
b0(r) +
2
r
d
dr
b0(r)−m2ρb0(r) + ∂b0Ueff (φ0, V0, b0)
)
= −1
2
gρρ3(r) (3.5.28)
d2
dr2
A0(r) +
2
r
d
dr
A0(r) = −eρp(r)· (3.5.29)
The spherical isovector ρ3 and charged ρp densities for each isospin are ex-
pressed as
ρ3(r) =
∑
njl
I3 2j + 1
4pi
[
G2njlmI(r) + F
2
njlmI(r)
]
, (3.5.30)
ρp(r) =
∑
njl
1 + I3
2
2j + 1
4pi
[
G2njlmI(r) + F
2
njlmI(r)
]
· (3.5.31)
This set of coupled differential equations are solved iteratively and the proce-
dure is described in the code provided by Professor Van der Ventel [118]. Once
the solutions are found; the scalar, vector and tensor densities are computed
from equations 3.5.19 and 3.5.20. The resulting densities are then inserted
into the computation of the cluster-core potential 3.4.71. Two Lagrangian
parametrizations are used in this thesis which values are given in table 3.2
taken from ref. [116] where the nucleon’s mass has been fixed to 930 MeV.
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Table 3.2: Parameters used for differents QHD models given in MeV
QHD Models NL3 FSU
g2s 104.3871 112.1996
g2v 165.5854 204.5469
g2ρ 79.6000 138.4701
κ 3.8599 1.4203
λ -0.0159 0.0238
ζ 0.0000 0.0600
Λv 0.0000 0.0300
ms 508.1940 491.5000
mv 782.5010 782.5010
mρ 763.0000 763.0000
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Chapter 4
Numerical Analysis and
Observables
4.1 Introduction
After describing the necessary tools that indicate clear evidence of cluster
states and discuss cluster-core different potential models, we next test our
predictions against measurements in binary model configurations given in ta-
ble 2.1. Note that at first the phenomenological (SW + SW3) is used as a
benchmark to other microscopic potentials. The double folding potential are
calculated with the M3Y, the CEG83 inter-nucleon interactions and the rel-
ativistic Love Franey model. Observables of interest will be calculated with
different potential models.
4.2 Double Folding Potential Calculation
The double folding potentials are calculated using the modified computer code
DFM obtained from [119].
4.2.1 Michigan Three-range Yukawa Interaction (M3Y)
The direct part of cluster-core nuclear potential, equation 3.3.51 is calculated
with the direct part of M3Y, equation 3.3.44 whose parameters are given in
table 4.1. For the exchange part, we use instead the zero-range interaction
defined in equation 3.3.45. Hence, performing the momentum analysis [92],
the zero order multiple component of the nuclear potential reads
U(r) =
λ
2pi2
∫ ∞
0
ρ1(q)ρ2(q)Veff (q)J0(qr)q
2dq (4.2.1)
where λ is the normalization factor which accounts for medium effects. Here
the Fourier transform of the densities and the effective interaction Veff (s, E)
62
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Table 4.1: The parameters of the Reid M3Y interactions
Coefficients Reid
v1D 7999.0000
v2D -2134.0000
v3D 0.0000
G0 -276.0000
R1 4.0000
R2 2.5000
R3 0.7072
are expressed as
ρi(q) = 4pi
∫ ∞
0
ρi(r)J0(qr)r
2dr (4.2.2)
and
Veff (q) = 4pi
∫ ∞
0
Veff (r)J0(qr)r
2dr (4.2.3)
with
Veff (r) = 7999
exp(−4r)
4r
− 2134exp(−2.5r)
2.5r
− 276
(
1− 0.005 E
A2
)
(4.2.4)
The nuclear matter densities appearing in equation 4.2.1, as stated in Section
3.3, have a Gaussian form, 3.3.57 for the alpha cluster. And two-Fermi pa-
rameters, 3.3.58, with diffuseness a = 0.52 fm for 10Be cluster or a = 0.54 fm
for more massive clusters and 208Pb core.
4.2.2 Complex Effective Gaussian interaction: CEG83
We have to emphasize that the CEG whose parameters are given in table
4.2 was designed for nucleon-nucleus scattering in its origin, here one would
like to taste the influence of many-body effects by setting the value of Fermi
momentum to it maximum, kf = 1.4fm−1. In principle, this value depends
on the nuclear density calculated in the centre of mass for the nuclear matter.
Unlike in the case of M3Y, here we step through two doors when dealing
with the single nucleon knock-on exchange. Firstly, the zero-range exchange
given in equation 3.3.45 is used for the exchange potential (CEG83a). This
typical situation is analogue to the double folding potential obtained with
M3Y interaction in equation 4.2.1. And secondly a consistent treatment of
finite range exchange (CEG83b) is handled in Thomas-Fermi approximation
explained early in 3.3.52.
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Table 4.2: Parameters of the central part for the CEG83 in the range (fm); λ1 =
2.500, λ2 = 0.8900, λ3 = 0.5000.
State i v0(MeV ) α(fm) β(fm2)
1 7.5400 0.0000 0.0000
2 120.4000 -0.5583 0.5062SO
3 49.4800 -0.8833 1.6140
1 −5.0340 −0.3716 0.1840
2 −829.4000 −0.6721 0.2233TE
3 1359.0000 −0.2171 0.1349
1 −3.9280 0.1839 −0.1414
2 −490.9000 −0.3386 0.1079SE
3 1293.0000 −0.0362 0.0179
1 0.6390 0.0000 0.0000
2 −109.7000 0.1447 −0.2068T0
3 349.1000 1.1440 −0.3268
Consequently, the direct part is expressed as in equation 4.2.1.
However the exchange part defined in equation 3.3.52 involving non diagonal
elements of the density matrix are treated consistently. Because it contains
the finite-range exchange effects arising from Pauli principal in the local den-
sity approximation. An iterative procedure is handled when evaluating this
potential . Hence in momentum space [92], this exchange potential is written
as [120],
UEX(r) = λ4pi
∫ ∞
0
G(r, s)J0
(K(r)s
µ
)
VEX(s)s
2ds (4.2.5)
where
G(r, s) =
1
2pi2
∫ ∞
0
f1(q, s)f2(q, s)J0
(
qr)q2dq (4.2.6)
and
fi(q, s) = 4pi
∫ ∞
0
f1(r, s)f2(r, s)J0
(
qr)r2dr (4.2.7)
with
fi(r, s) = ρi(r)jˆ1(KFi(r)s). (4.2.8)
The plots in figures 4.1, 4.2, 4.3 and 4.4 represent different potential models
including the Saxon-Woods potential whose parameters are taken form [27].
The curves of potentials for 4He+208Pb configuration calculated with the zero-
range exchange term are indeed much deeper in the interior region and diffused
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Figure 4.1: Plots of cluster-core local potential for 4He + 208Pb. CEG83a (zero-
range exchange interaction) and CEG83b (finite-range exchange interaction) along
with the phenomenological Saxon-Woods potential, SW3 (black dashed line)
at the surface compared with modified Woods-Saxon potential for both effec-
tive interactions, M3Y and CEG83. However there is a shift in CEG83 with
regard to M3Y and both are flattened in the interior region. However, the
CEG83 finite-range exchange which takes into account the medium effects
looks much shallower and flattened as well in the interior region compared to
the SW3. Eventually, for the heavier cluster although deep in the interior re-
gion but are slightly rounded compared to 4He+208Pb curve. The finite-range
exchange mimics the shape of SW3 but more shallow in the interior and lit-
tle bit diffused at the surface. Ultimately, we notice that the more is larger
the cluster, more is deeper the potential and diffused near the surface region.
The consequences of such remarks are traced from the observables that will be
calculated.
4.2.3 Relativistic-Mean-Field Results and Potential
The relativistic cluster-core potential defined in equation 3.4.71, is calculated
for each cluster configuration. Here we add the real part of the nucleon-nucleon
amplitudes, since we are describing the ground state properties only.
The results obtained from the RMF will allow us to extract proton and neu-
tron vector, and scalar densities to be folded with the RLF scattering ampli-
tudes expressed in equation 3.4.72. We employ the two Lagrangian densities
parametrizations, FSU and NL3 since it was realised that they are efficient for
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Figure 4.2: Plots of cluster-core local potential for 10Be + 208Pb. CEG83a (zero-
range exchange interaction) and CEG83b (finite-range exchange interaction) along
with the phenomenological Saxon-Woods potential, SW3 (black dashed line)
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Figure 4.3: Plots of cluster-core local potential for 14C + 208Pb. CEG83a (zero-
range exchange interaction) and CEG83b (finite-range exchange interaction) along
with the phenomenological Saxon-Woods potential, SW3 (black dashed line)
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Figure 4.4: Plots of cluster-core local potential for 20O + 208Pb. CEG83a (zero-
range exchange interaction) and CEG83b (finite-range exchange interaction) along
with the phenomenological Saxon-Woods potential, SW3 (black dashed line)
describing the properties of stable nuclei as well for those far from the valley of
beta stability including features of neutron stars. They include three mesons,
and the photon with different coupling compared to the QHDI and QHDII
models.
In figures 4.5, 4.6, 4.7, 4.8 and 4.9, the scalar and vector(baryon) densities
obtained from the RMF calculations are plotted against the radial distance for
both models NL3 and FSU. The first two classes of cluster exhibit central peaks
that are more pronounced for NL3 compared to the FSU effective interactions.
The scalar and vector densities for neutrons and protons are identical in NL3
and FSU for doubly magic nucleus, 4He. Nevertheless, the scalar and vector
densities for neutrons are shifted in 10Be compared to protons densities. For
14C and 20O, the peak is now de-localised with densities more pronounced for
NL3 than FSU.
The doubly closed shell 208Pb, there are moderate shell oscillations in the
interior region for both scalar and vector densities. The tensor density is
nearly zero inside the nuclear matter. Consequently, the tensor contribution
of the interaction will be irrelevant in our description. Therefore the potential
has only scalar and vector parts.
The Relativistic Love-Franey (RLF) form factors for meson-exchange vertex
in equation 3.4.37 are used as an input for deriving the relativistic nucleon-
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Figure 4.5: Scalar and vector 4He nucleons densities distribution. Top and bottom
panels are results calculated with NL3 and FSU Lagrangian densities
nucleon interaction which are Yukawa functions. However this Lorentz covari-
ant on-shell nucleon-nucleon scattering amplitude is energy-dependent. And
for lack of parameters at lower energies, we are going to make use of real pa-
rameters generated in the range of 50 to 200 MeV and that can be extrapolated
to energies between 40 and 300 MeV [103]. Table 4.3 lists values of RLF pa-
rameters to be tested in our model in which the coupling constant follows the
exponential energy-dependence such as
g2(E) = g20
[
1 + ag
(
eaTTrel − 1
)]
, (4.2.9)
where
Trel ≡ T0 − Tlab
T0
· (4.2.10)
g20, ag and aT are dimensionless constants which values are given in table 4.3
with T0 fixed to 200 MeV and Trel in the range of 50 to 200 MeV.
The cluster-core relativistic potential is now calculated by folding the RLF
T LD(EX), amplitude with the relevant neutron and proton densities generated
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Figure 4.6: Scalar and vector 10Be nucleons densities distribution. Top and bottom
panels are results calculated with NL3 and FSU Lagrangian densities
from RMF, scalar and vector. Hence performing the momentum analysis, the
zero order multipole component of the relativistic potential is given by
U(r) = λ
(
US(r) + UV (r)
)
(4.2.11)
where the direct potential reads
US(r) = USD(r) + U
S
EX(r) (4.2.12)
and
UV (r) = UVD (r) + U
V
EX(r) (4.2.13)
U
(S,V )
D (r) =
∑
i=n1,p1
∑
j=n2,p2
1
2pi2
∫ ∞
0
τ
(S,V )
D,ij (q)ρ
(S,V )
i (q)ρ
(S,V )
j (q)J0(qr)q
2dq·
(4.2.14)
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Figure 4.7: Scalar and vector 14C nucleons densities distribution. Top and bottom
panels are results calculated with NL3 and FSU Lagrangian densities
Notice that the normalization constant, λ is added for medium effects as we
have mentioned early. The exchange potential is written as
USEX(r) = 4pi
∑
i=n1,p1
∑
j=n2,p2
∑
L
∫ ∞
0
τLEX,ij(s)CL,SH
S
ij(r, s)J0
(Ps
µ
)
s2ds
(4.2.15)
UVEX(r) = 4pi
∑
i=n1,p1
∑
j=n2,p2
∑
L
∫ ∞
0
τLEX,ij(s)CL,VH
V
ij (r, s)J0
(Ps
µ
)
s2ds
(4.2.16)
where
HS,Vi,j (r) =
1
2pi2
∫ ∞
0
hS,Vi (q, s)h
S,V
j (q, s)J0(qr)q
2dq (4.2.17)
with
hS,Vi (q, s) = 4pi
∫ ∞
0
hi(r, s)hj(r, s)J0(qr)r
2dr. (4.2.18)
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Figure 4.8: Scalar and vector 20O nucleons densities distribution. Top and bottom
panels are results calculated with NL3 and FSU Lagrangian densities
Note that the Fourier transform of the functions defined on 3.4.45 and 3.4.46
are given by
f(r) =
∫ ∞
0
d3q(
2pi
)3 eiq·rf(q)
=
g2
4pi
Λ2
Λ2 −m2
(
Λ2
Λ2 −m2
(e−mr
r
− e
−Λr
r
)
− Λ
2
e−Λr
)
.
(4.2.19)
In figure 4.10, 4.11, 4.12 and 4.13 we show in left panel the plots for individual
potentials scalar and vector for Nl3 and FSU Lagrangian densities. On the
right panel are plotted the global potential with Saxon-Woods modified as
guidance toward our realistic cluster-core potential. We notice a flat shape in
the interior region and more diffused surface as a consequence of the densities
distributions yielded by the relativistic-mean-field approach.
Our calculations indicate clearly that the exchange energies for both scalar
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Figure 4.9: Scalar and vector 208Pb nucleons densities distribution. Top and bottom
panels are results calculated with NL3 and FSU Lagrangian densities
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Figure 4.10: Plot of the individual scalar and vector potentials (left panel) for a
typical parameter set, NL3 and FSU Lagrangian densities. The right panel is the
total potential resulting from the near-cancellation of scalar and vector terms for 4He
+ 208Pb, and the phenomenological Saxon-Woods potential, SW3 (blue line)
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Table 4.3: Real RLF parameters. The last parameters are dimensionless except
the masses and cutoff parameters which are in MeV
Meson Isospin m Λ g20 ag aT
σ, Scalar(S) 0 600 965.23 -8.379 -5.581×10−1 2.364×10−1
δ, Scalar(S) 1 500 3000.00 6.233×10−3 5.675 3.521
ω, Vector(V) 0 782 1158.74 10.14 -2.219×10−2 3.793
ρ, Vector(V) 1 770 3000.00 -1.535×10−1 3.429 1.825×10−1
t0, Tensor(T) 0 550 1955.59 2.783×10−1 1.331 3.074×10−1
t1, Tensor(T) 1 600 1290.72 -2.497×10−1 5.508×10−1 3.959
η, Pseudoscalar(P) 0 950 980.99 10.89 1.553 1.956
pi, Pseudoscalar(P) 1 138 678.44 11.95 -1.671×10−1 3.216×10−1
a0, Axial vector(A) 0 500 1577.53 4.842×10−1 1.440 2.847
a1, Axial vector(A) 1 650 745.19 -1.355 2.480×10−1 3.623
and vector are relatively small. This is in accordance with the relativistic
Hartree-Fock calculations in spherical nuclei as stated in [96] which reduced
the potential to Hartree type.
4.2.4 Decay half-lives
To account for the many-body effects, we normalize the potential to its ground
state using the quantization rule defined in equation 2.4.31 in order also to ad-
just the depth of each potential. A convenient way is also applied by tuning
the values of the different parameters contained in the nucleon-nucleon inter-
action of the RLF model expressed in equation 3.4.45 until the normalization
constant is close unity. This means by rescaling the couplings strength, the
masses of the nucleons and the mesons such that
g∗ = a g, m∗ = b m, M∗ = c M ; a = 0.18, b = 0.6, c = 0.6 (4.2.20)
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Figure 4.11: Plot of the individual scalar and vector potentials (left panel) for a
typical parameter set, NL3 and FSU Lagrangian densities. The right panel is the total
potential resulting from the near-cancellation of scalar and vector terms for 10Be +
208Pb, and the phenomenological Saxon-Woods potential, SW3 (blue line)
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Figure 4.12: Plot of the individual scalar and vector potentials (left panel) for a
typical parameter set, NL3 and FSU Lagrangian densities. The right panel is the
total potential resulting from the near-cancellation of scalar and vector terms for 14C
+ 208Pb, and the phenomenological Saxon-Woods potential, SW3 (blue line)
This allowed to overcome the diffuseness on the nuclear surface as seen from
curves in figure 4.10, 4.11, 4.12 and 4.13 . The different values of normalization
constants are given in table 4.4.
Table 4.6 gives the calculated decay half-lives using equation 2.3.13; and their
experimental values for selected cluster configurations [121–123] except for
218Rn that has never been measured. The calculated ground state decay half-
life of 212Po is half of the measured value for the two potentials, M3Y and
CEG83 plus zero-range while the finite-range underestimated the experimental
value. For heavy cluster emissions, such as 222Ra to 14C, the estimated half-
lives are 100 times smaller for M3Y and CEG83 plus zero-range. 2000 times
less than the experimental value for the finite-range. Whereas in the case of
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Figure 4.13: Plot of the individual scalar and vector potentials (left panel) for a
typical parameter set, NL3 and FSU Lagrangian densities. The right panel is the
total potential resulting from the near-cancellation of scalar and vector terms for 20O
+ 208Pb, and the phenomenological Saxon-Woods potential, SW3 (blue line)
Table 4.4: Normalization constant for different potential models
Cluster-core λM3Y λCEG83a λCEG83b λNL3 λFSU G
4
2He+20882 Pb 0.53 0.56 0.90 0.97 1.00 18
10
4 Be+20882 Pb 0.54 0.57 0.82 0.93 0.93 50
14
6 C+20882 Pb 0.53 0.56 0.80 0.79 0.79 70
20
8 O+20882 Pb 0.52 0.56 0.80 0.93 0.88 100
228Th to 20O, this values also are smaller compared to the experiment. The
same conclusions are drawn also for the relativistic mean field potential. The
poor results for decay half-lives can be traced to the diffused surface of the
nuclear potential resulting in large decay widths compared to values obtained
from the experimental decay half-lives as shown in the table 4.5.
4.2.5 Energy Spectra with Microscopic Models
Potential
The spectra are calculated using equation 2.4.31. Table 4.7, 4.8, 4.9 and 4.10
give the energy levels obtained with different double folding potentials. A clear
analysis of the level obtained with the M3Y and CEG83 zero-range shows an
inverted for the 212Po with highly bounded higher spin states. The finite-range
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Table 4.5: Decay widths calculated with different potential models and their
corresponding values extracted from experimental decay half − lives
Γ(MeV) 42He+20882 Pb 104 Be+20882 Pb 146 C+20882 Pb 208 O+20882 Pb
ΓEXP 1.521×10−15 - 1.369×10−31 8.550×10−41
ΓM3Y 2.925×10−15 1.167×10−41 1.048×10−29 7.381×10−38
ΓCEG83a 3.306×10−15 1.618×10−41 1.663×10−29 1.327×10−37
ΓCEG83b 9.407×10−15 2.453×10−40 3.617×10−28 9.645×10−36
ΓNL3 3.236×10−14 1.874×10−40 7.234×10−27 3.237×10−36
ΓFSU 1.573×10−13 3.886×10−39 3.617×10−27 3.947×10−36
exchange with CEG83 yields an inverted spectrum but less bounded almost
for all spin states. Nevertheless we notice a good agreement between the
spectra of 218Rn, 222Ra and 228Th calculated with the non-relativistic potential,
M3Y, CEG83a and CEG83b compared to experimental values. The measured
band structure levels for 212Po, 218Rn are taken from Mathematica package
"IsotopeData", while for 222Ra and 228Th, they are obtained from [122, 123].
Ultimately, we notice all estimated levels are strongly compressed mostly for
low spin states.
These necessitate an improvement of the mean-field double folding. We dis-
regard the spectrum yielded by the relativistic potential since this will result
probably to an inverted of highly compressed spectra due to the flat shape in
the inner part of the potential for all cluster-core configurations that we se-
lected. The reason why a hybrid potential is constructed and will be explained
in the next section.
4.3 Hybrid Potential Construction
As we have seen before, despite all types of nucleon-nucleon effective inter-
action used, to obtain reasonable results, one requires to improve our model
potentials. In this section we are going to construct hybrid potentials related to
the realistic nuclear potential, the phenomenological modified Saxon-Woods.
Here we shall investigate only the band structure and energy levels with elec-
tromagnetic properties of cluster states. We follow the scheme described in
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Table 4.6: Decay half − lives obtained with different potential models
Cluster-core 42He+20882 Pb 104 Be+20882 Pb 146 C+20882 Pb 208 O+20882 Pb
(ns) (s) (yr) (yr)
T expt1
2
300.000 - 105.700 1.692× 1013
TM3Y1
2
156.000 3.880× 1019 1.390 1.980× 108
TCEG83a1
2
138.000 2.840× 1019 0.870 1.100× 108
TCEG83b1
2
48.400 1.860 × 1018 0.040 1.510× 106
TNL31
2
14.100 2.430× 1018 0.002 4.470× 106
T FSU1
2
2.900 1.180× 1017 0.004 3.950× 106
[57]. This is achieved from fit near the surface region of the double folding
by stepping through different values of the mixing parameter using the math-
ematica package NonLinearModelFit. Here we define the surface part of each
microscopic potential as the asymptotic region starting from a radial position
r where the potential falls to half of its maximum value to large r. The po-
tential is then discretized in steps of 0.01 fm within this range. Therefore, for
generating relevant bands of positive low-lying states from equation 2.4.31, a
convenient handled scheme have been undertaken in order to include all lev-
els belonging to the ground states band. This is achieved by normalizing the
depth of the resulting potential until the quantity,
χ2 =
∑
L
(
EextL − EcalcL
)2
(4.3.1)
is minimized.
Moreover as explained in [57], for light cluster such as 4He and 10Be, one re-
quires a more attractive potential near the origin to overcome the shortcoming
of the SW3 arising from the strong underbinded 0+ ground state due to the
effect of nuclear potential between r1(0) and r1(2) for the first turning point
at 0+ and 2+ states. There is an additional correction term to the potential
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Table 4.7: Spectrum of positive parity for 42He +
208
82 Pb in MeV calculated with
different potential models and their experimental values in MeV
Jpi Eexp EM3Y ECEG83a ECEG83b
0+ 0.000 -0.009 -0.007 0.000
2+ 0.727 -0.075 -0.065 -0.043
4+ 1.132 -0.236 -0.210 -0.148
6+ 1.355 -0.515 -0.466 -0.332
8+ 1.476 -0.939 -0.863 -0.612
10+ 1.834 -1.541 -1.442 -1.007
12+ 2.702 -2.359 -2.246 -1.526
14+ 2.885 -3.435 -3.329 -2.168
16+ - -4.798 -4.729 -2.925
18+ 2.921 -6.465 -6.474 -3.759
defined as
Vcorr(r) =

−Vδ for r ≤ r0
0 for r > r0·
(4.3.2)
The value of r0 has been estimated to be [57]
r0 ≈ 1.132A−12 .
Tables 4.11, 4.12, 4.13 and 4.14, lists the optimized values of the hybrid po-
tential resulting from different double folding potentials.
The tables 4.15, 4.16, 4.17 and 4.18 give numerical values of spectra for the
positive low-lying states calculated with different hybrid potential models in-
cluded their experimental values.
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Table 4.8: Spectrum of positive parity for 104 Be +
208
82 Pb in MeV calculated with
different potential models and their experimental values in MeV.
Jpi Eexp EM3Y ECEG83a ECEG83b
0+ 0.000 0.000 0.000 0.000
2+ 0.324 0.031 0.032 0.022
4+ 0.653 0.105 0.108 0.076
6+ 1.014 0.221 0.228 0.160
8+ 1.393 0.379 0.390 0.274
10+ 1.775 0.578 0.596 0.417
12+ 2.169 0.818 0.843 0.587
14+ 2.577 1.099 1.132 0.785
16+ 3.002 1.421 1.462 1.009
18+ 3.438 1.781 1.832 1.257
20+ 3.859 2.182 2.241 1.528
22+ 4.287 2.620 2.689 1.820
24+ 4.725 3.098 3.176 2.133
26+ 5.168 3.613 3.701 2.464
Note that these level structures are indeed in fair agreement with the observed
values. We see the evident success of constructed the hybrid potential to
reproduce the spectrum.
4.3.1 Electromagnetic Transitions
The transition Probabilities strength are calculated using equations 2.4.48 and
2.4.47
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Table 4.9: Spectrum of positive parity for 146 C +
208
82 Pb in MeV calculated with
different potential models and their experimental values in MeV.
Jpi Eexp EM3Y ECEG83a ECEG83b
0+ 0.000 0.000 0.000 0.000
2+ 0.111 0.031 0.032 0.024
4+ 0.301 0.105 0.107 0.081
6+ 0.550 0.222 0.226 0.171
8+ 0.843 0.382 0.388 0.294
10+ 1.173 0.584 0.594 0.450
12+ 1.537 0.829 0.842 0.637
14+ 1.933 1.115 1.134 0.856
16+ 2.359 1.445 1.468 1.107
18+ 2.811 1.816 1.845 1.387
20+ 3.288 2.229 2.265 1.698
The table 4.19, 4.20, 4.21, and 4.22, list the relevant Weisskopf estimated
probability transition strengths obtained from different potential models. We
note that excellent agreement is obtained with few exceptions between the
experimental [121–123] and calculated values. For exotic decay, we have used
an effective charge expressed as
Zi −→ Zi + 0.17Ai. (4.3.3)
The radial wave functions associated to each state are calculated by solving the
radial Schrödinger equation 2.4.1. In average the trend show a kind of increase
in the calculated when comparing different potential models. In particular, the
computed value of the transition strengths for 21284 Po are twice or three times
compared to the measured values. Eventually, for 21886 Rn, in table 4.20, the
predicted transition B(E2; 2+ −→ 0+) is a reasonable agreement for almost
all potential models.
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Table 4.10: Spectrum of positive parity for 208 O +
208
82 Pb in MeV calculated with
different potential models and their experimental values in MeV.
Jpi Eexp EM3Y ECEG83a ECEG83b
0+ 0.000 0.000 0.000 0.000
2+ 0.058 0.025 0.025 0.019
4+ 0.187 0.088 0.089 0.069
6+ 0.378 0.188 0.189 0.147
8+ 0.623 0.323 0.326 0.253
10+ 0.912 0.496 0.500 0.388
12+ 1.239 0.704 0.711 0.551
14+ 1.600 0.949 0.958 0.742
16+ 1.988 1.231 1.241 0.961
18+ 2.408 1.549 1.562 1.208
For 22890 Th, the reduced transitions B(E2; 2+ −→ 0+)and B(E2; 4+ −→ 2+)
calculated are almost twice the measured value which is also a good agreement.
For 22288 Ra, the experimental value B(E2; 2+ −→ 0+), although large but it is
still a good estimation. However the unresolved mystery for B(E2; 4+ −→ 2+)
measured, which we expected to be higher, could not be predicted in our model
as we can see in table 4.21.
4.3.2 Charge Radii Estimations
The mean square charge radius, which is an observable directly related to the
proton density distribution is calculated using equation 2.5.1.
Table 4.23 summarizes the ground state root mean square radii of parent nuclei
selected for different potential models. These calculated values are in excellent
agreement with theirs measurable count part [124]. These significant values
point out that a cluster description with maximum separation from the core
give a good account of the size of the parent nucleus.
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Table 4.11: Optimized paramters for SW3 potential for 21284 Po
Parameters V0(Mev) a (fm) x R (fm)
M3Y 208.182 0.73 0.33 6.792
CEG83a 210.60 0.75 0.35 6.726
CEG83b 191.00 0.74 0.32 7.112
NL3 184.43 0.80 0.33 7.288
FSU 170.50 0.84 0.33 7.622
Table 4.12: Optimized paramters for SW3 potential for 21886 Rn
Parameters V0(Mev) a (fm) x R (fm)
M3Y 506.54 0.976 0.51 6.717
CEG83a 506.56 0.99 0.52 6.701
CEG83b 466.28 0.918 0.41 7.299
NL3 484.78 0.95 0.43 7.11
FSU 479.14 1.100 0.51 6.961
Next in the same table are presented different deformation parameters cal-
culated from static moments in equations 2.6.1 and 2.6.2 obtained from nu-
clear densities resulting from the relativistic mean field are taken from [125].
The values obtained are serve as benchmark to explain the cluster structures
in nuclei. Starting from the deformation parameter of 21284 Po described as
4
4He+20882 Pb, the deformation parameters increase gradually with the cluster
size for the inert core taken as 20882 Pb for all even-even parent nuclei we have
selected. These deformations are seen as a good probe which support strong
evidence of clustering phenomena in nuclei.
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Table 4.13: Optimized paramters for SW3 potential for 22288 Ra
Parameters V0(Mev) a (fm) x R (fm)
M3Y 701.53 1.012 0.49 6.754
CEG83a 704.88 1.027 0.5 6.729
CEG83b 645.62 0.94 0.37 7.387
NL3 686.200 1.062 0.48 6.874
FSU 694.520 1.058 0.48 6.822
Table 4.14: Optimized paramters for SW3 potential for 22890 Th
Parameters V0(Mev) a (fm) x R (fm)
M3Y 1010.31 1.040 0.45 6.804
CEG83a 1007.50 1.055 0.46 6.783
CEG83b 929.16 0.95 0.3 7.53
NL3 990.54 1.074 0.44 6.914
FSU 999.20 1.098 0.46 6.822
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Table 4.15: Spectrum of positive parity for 42He +
208
82 Pb in MeV calculated with
different potential models and their experimental values in MeV.
Jpi Eexp EM3Y ECEG83a ECEG83b ENL3 EFSU
0+ 0.000 0.061 0.003 0.002 0.005 0.060
2+ 0.727 0.727 0.727 0.727 0.728 0.736
4+ 1.132 1.036 1.065 1.023 1.033 1.027
6+ 1.355 1.448 1.507 1.405 1.429 1.403
8+ 1.476 1.914 2.002 1.833 1.875 1.828
10+ 1.834 2.384 2.496 2.267 2.330 2.261
12+ 2.702 2.803 2.926 2.659 2.744 2.653
14+ 2.885 3.101 3.212 2.951 3.057 2.947
16+ - 3.188 3.250 3.067 3.188 3.063
18+ 2.921 2.917 2.872 2.884 3.001 2.870
χ2 10.67 11.46 9.76 10.61 9.711
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Table 4.16: Spectrum of positive parity for 104 Be +
208
82 Pb in MeV calculated with
hybrid potential models and their experimental values in MeV.
Jpi Eexp EM3Y ECEG83a ECEG83b ENL3 EFSU
0+ 0.000 0.069 0.009 0.0009 -0.0029 -0.009
2+ 0.324 0.480 0.485 0.485 0.326 0.325
4+ 0.653 0.654 0.653 0.653 0.505 0.500
6+ 1.014 0.896 0.893 0.888 0.755 0.743
8+ 1.393 1.196 1.191 1.180 1.065 1.047
10+ 1.775 1.545 1.539 1.520 1.428 1.404
12+ 2.169 1.936 1.929 1.903 1.836 1.805
14+ 2.577 2.361 2.353 2.321 2.282 2.246
16+ 3.002 2.812 2.805 2.768 2.760 2.720
18+ 3.438 3.283 3.276 3.236 3.261 3.220
20+ 3.859 3.763 3.758 3.720 3.779 3.740
22+ 4.287 4.244 4.242 4.209 4.305 4.271
24+ 4.725 4.717 4.718 4.697 4.830 4.807
26+ 5.168 5.169 5.175 5.173 5.344 5.339
χ2 0.31 0.32 0.41 0.65 0.77
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Table 4.17: Spectrum of positive parity for 146 C +
208
82 Pb in MeV calculated with
hybrid potential models and their experimental values in MeV.
Jpi Eexp EM3Y ECEG83a ECEG83b ENL3 EFSU
0+ 0.000 0.039 0.037 0.038 0.004 0.001
2+ 0.111 0.112 0.111 0.111 0.114 0.121
4+ 0.301 0.264 0.263 0.260 0.259 0.283
6+ 0.55 0.481 0.479 0.473 0.473 0.502
8+ 0.843 0.755 0.752 0.744 0.748 0.776
10+ 1.173 1.083 1.078 1.067 1.077 1.120
12+ 1.537 1.458 1.453 1.439 1.457 1.501
14+ 1.933 1.877 1.871 1.855 1.882 1.937
16+ 2.359 2.336 2.329 2.313 2.349 2.407
18+ 2.811 2.832 2.824 2.809 2.855 2.926
20+ 3.288 3.361 3.353 3.340 3.397 3.227
χ2 0.040 0.040 0.050 0.05 0.031
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Table 4.18: Spectrum of positive parity for 208 O +
208
82 Pb in MeV calculated with
hybrid potential models and their experimental values in MeV.
Jpi Eexp EM3Y ECEG83a ECEG83b ENL3 EFSU
0+ 0.000 0.000 0.000 0.000 0.000 0.000
2+ 0.058 0.060 0.049 0.049 0.061 0.060
4+ 0.187 0.185 0.172 0.172 1.173 0.173
6+ 0.378 0.365 0.354 0.353 0.350 0.350
8+ 0.623 0.597 0.587 0.587 0.580 0.579
10+ 0.912 0.876 0.869 0.870 0.861 0.859
12+ 1.239 1.200 1.195 1.199 1.187 1.185
14+ 1.600 1.566 1.565 1.573 1.557 1.555
16+ 1.988 1.971 1.975 1.988 1.968 1.966
18+ 2.408 2.415 2.424 2.444 2.419 2.417
χ2 0.005 0.007 0.008 0.011 0.011
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Table 4.19: Electromagnetic transitions calculated for different hybrid potentials
along with experimental values in Weisskopf unit (W.u.), for 21284 Po
Transitions Exp M3Y CEG83a CEG83b NL3 FSU
2+ −→ 0+ - 4.5 4.5 5.2 6.0 7.2
4+ −→ 2+ - 6.2 6.3 7.3 8.4 10.0
6+ −→ 4+ 3.9± 1 6.4 6.5 7.5 8.6 10.3
8+ −→ 6+ 2.3± 1 6.0 6.1 7.0 8.2 9.7
10+ −→ 8+ 2.2± 0.6 5.3 5.4 6.2 7.2 8.6
12+ −→ 10+ - 4.4 4.5 5.2 5.9 7.1
Table 4.20: Electromagnetic transitions calculated for different hybrid potentials
along with experimental values in Weisskopf unit (W.u.), for 21884 Rn
Transitions Exp M3Y CEG83a CEG83b NL3 FSU
2+ −→ 0+ > 24.9 27.2 27.7 30.4 30.0 34.9
4+ −→ 2+ - 38.6 39.3 43.2 42.6 49.5
6+ −→ 4+ - 42.1 42.8 47.1 46.4 53.9
8+ −→ 6+ - 43.4 44.1 48.5 47.8 48.5
10+ −→ 8+ - 43.6 44.3 48.8 48.1 51.3
12+ −→ 10+ - 43.2 43.8 48.5 47.6 55.6
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Table 4.21: Electromagnetic transitions calculated for different hybrid potentials
along with experimental values in Weisskopf unit (W.u.), for 22288 Ra
Transitions Exp M3Y CEG83a CEG83b NL3 FSU
2+ −→ 0+ 111 139 142 156 157 154
4+ −→ 2+ 11.83 198 202 222 224 219
6+ −→ 4+ - 217 220 243 245 240
8+ −→ 6+ - 225 228 252 254 249
10+ −→ 8+ - 228 231 255 257 252
12+ −→ 10+ - 228 232 256 258 253
Table 4.22: Electromagnetic transitions calculated for different hybrid potentials
along with experimental values in Weisskopf unit (W.u.), for 22890 Th
Transitions Exp M3Y CEG83a CEG83b NL3 FSU
2+ −→ 0+ 167±6 300 303 328 326 332
4+ −→ 2+ 242 428 433 470 467 473
6+ −→ 4+ - 469 474 515 512 517
8+ −→ 6+ - 485 493 537 533 537
10+ −→ 8+ - 493 501 545 540 545
12+ −→ 10+ - 497 504 548 544 549
Stellenbosch University  https://scholar.sun.ac.za
CHAPTER 4. NUMERICAL ANALYSIS AND OBSERVABLES 90
Table 4.23: The deformation parameters β2 calculated with NL3 Lagrangian, and
cluster model predictions for the root mean square charge radii, 〈r2ch〉1/2 in fm along
with the measured values.
Nuclei Exp M3Y CEG83a CEG83b NL3 FSU β2
212
84 Po - 5.5567 5.5572 5.5674 5.5673 5.5737 0.02
218
86 Rn 5.6540 5.6461 5.6472 5.6542 5.6533 5.6649 0.046
222
88 Ra 5.6874 5.7380 5.7398 5.7502 5.777 5.7491 0.066
228
90 Th 5.7488 5.8544 5.8559 5.8676 5.8893 5.8908 0.158
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Chapter 5
Conclusions and Outlook
We have shown that the binary cluster model gives a very good description
of the ground state properties for 21284 Po, 21886 Rn, 22288 Ra and 22890 Th. We have
defined these nuclei as a single composite particle orbiting an inert core char-
acterized by its orbital angular momentum and number of nodes, L and n.
We have outlined a technique of selecting the likely cluster-core configuration
developed by Buck. We have made an assumption in which the correlated nu-
cleons that build up the cluster structure have no internal excitation energy.
The cluster states assigned to this binary cluster model are described as bound
states and single-particle resonances of a local cluster-core potential. The two-
body problem was solved by constructing various cluster-core potential models
transcending from microscopic nonrelativistic, with different nucleon-nucleon
interactions to the relativistic RLF amplitudes by the means of double folding.
We have tested the new nucleon-nucleon density dependent effective interac-
tion, the so-called Complex Effective Gaussian Form Factor (CEG) including
the zero-range and the finite-range terms. Despite that this effective inter-
nucleon interaction was designed for nucleon-nucleus optical potential, we have
fixed the value of the Fermi momentum to calculate the cluster-core potential.
We have found that the potential calculated with the zero-range looks simi-
lar to the M3Y. The finite-range exchange which is shallower seems to follow
the shape of the phenomenological Saxon-Woods+Saxon-Woods cubed poten-
tial for almost all cluster-core decompositions we have described. Potentials
calculated with the RLF are more diffused on the surface, but are shallower
and exhibit a flat shape in the internal region compared to the Saxon-Woods
cubed potential. Thus, the decay widths estimated are very large resulting
in a small half-life except for 42He emitted from 21284 Po with M3Y and CEG83
plus zero-range effective interactions. The spectra obtained are negative with
212
84 Po and highly compressed for 21886 Rn, 22288 Ra and 22890 Th. These unsuccessful
results led to the construction of a Saxon-Woods type hybrid potential for
various potential models. The band structure and energy level ordering ex-
plaining the positive low-lying states are well reproduced. The electromagnetic
91
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properties of cluster states such as transition probabilities and the root mean
square charge radii are well described. The relativistic mean-field besides in
explaining the structural properties of a number of nuclei provided also a rea-
sonable benchmark for exploring the clustering phenomenon and particularly
the shape of the nuclei. This is achieved by extracting the deformation pa-
rameters calculated from static moments. Future directions of this projects
suggest a more improve nucleon-nucleon effective interaction which contains
three-body correlations. In fact the three-body forces play important roles in
probing the shape and strength of nucleus-nucleus potential at short relative
distances. Else, an alternative way is to add a proximity potential around
the spatial region where the two interacting nuclei just touch their surfaces.
This could probably enhance both the level structure and dynamic properties
such as the decay process. New suggestions for the density dependent (meson
coupling constant), effective Lagrangian are needed. This should take into
account the pairing when investigating clustering shape since the parents nu-
clei are even-even open-shell. The nuclear densities obtained from relativistic
mean field should be less diffused at the surface.
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